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Abstract. In Part I, we construct a class of examples of initial veloci- 
ties for which the unique solution to the Euler equations in the plane has 
an associated flow map that lies in no Holder space of positive exponent 
for any positive time. In Part II, we explore inverse problems that arise 
in attempting to construct an example of an initial velocity producing 
an arbitrarily poor modulus of continuity of the flow map. 
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Overview 

In [22], V. I. Yudovich described what is still the weakest class of initial 
velocities for which solutions to the 2D Euler equations are known to be well- 
posed. (This extended his bounded vorticity result of [21].) Any solution 
with initial velocity in this class, which we will call Y, has a unique velocity 
field and flow map that are continuous in space and time with explicit upper 
bounds on their spatial moduli of continuity (MOC). The velocity field is 
both Osgood- and Dini-continuous ((1.4, 11.1)). 

In this paper we initiate the investigation of the fundamental question of 
how "bad" the MOC of the flow can be: 

Fundamental question: Given any strictly increasing con- 
cave MOC, /, and positive time, t, does there exist an initial 
velocity in the class Y for which any MOC of the flow map 
at time t is at least as large as / on some nonempty open 
interval, (0, a)? 

Past studies of properties of the flow map tend to ask the opposite ques- 
tion: "How smooth is the flow map?" (A notable exception is an example 
by Bahouri and Chemin in [2], upon which we build in Part I.) In particular, 
[17] is an important recent study of the smoothness of flow maps for initial 
velocities in Y. 

If the answer to our fundamental question is "yes," it would support the 
idea that the class Y is near the edge of uniqueness for solutions to the Euler 
equations. What is meant by this unavoidably imprecise statement is that, 
although uniqueness of a solution to the Euler equations does not necessarily 
require the uniqueness (or even existence) of a (classical) flow (for instance, 
see [6]), the two ideas seem to be closely entwined. This is evident in the 
observations of Yudovich in [22] as well as in the approach of Vishik in [20] , 
which relies on properties of the flow. 

On the other hand, if the answer to this question is "no," then it means 
that there is some hope of extending Y to obtain a larger class of initial 
velocities for which both existence and uniqueness in 2D can be proven. 
And if the answer is "no" there still remains the question of characterizing 
those MOC that can be achieved. 

To answer our fundamental question "yes" we have little choice but to 
specially construct an initial velocity for which we can obtain a lower bound 
on the MOC of its flow that is greater than a given /. To answer our 
fundamental question "no" we have little choice but to show that the upper 
bound on a MOC of the flow that results from the classical theory cannot be 
arbitrarily large because of some underlying property of the Euler equations. 

These two opposing approaches involve very different kinds of techniques, 
the former more closely tied to classical fluid mechanics the latter more 
closely tied to the theory of functional equations. In Part I we explore the 
first approach while in Part II we explore the second approach, in each case 
obtaining partial answers, but leaving the final answer unresolved. 
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This paper is organized as follows: 

Part I: Yudovich showed in [21] that for bounded initial vorticity the 
flow map lies in the Holder space of exponent e~ ct for all positive time t. 
Bahouri and Chemin in [2] showed that this regularity of the flow was in a 
sense optimal by constructing an example for which the flow lies in no Holder 
space of exponent higher than e . We extend the example of Bahouri and 
Chemin in [2] to a class of initial vorticities in Y having a point singularity. 
We show that for some such initial vorticities the flow lies in no Holder space 
of positive exponent for any positive time (Corollary 5.1). In Section 6 we 
indicate a possible approach to extending this result to obtain still poorer 
MOC, a subject of future work. 

Part II: A MOC of the flow map can be derived in terms of a MOC 
of the vector field, as long as the vector field's MOC satisfies an Osgood 
condition (see (1.4)). We examine the inverse problem: given a MOC of the 
flow, obtain a MOC of a vector field from which it can be derived. We do 
this first for a general flow and vector field, in a manner that has application 
beyond solutions to the Euler equations, then specialize to solutions to the 
Euler equations with Yudovich velocity, where there are further restrictions 
on both MOC. 

We will show that if the MOC, T(t,x), of the flow map is concave for all 
t > then one can find a necessarily concave MOC, n, of the velocity field 
that yields an upper bound on the MOC of the flow map at least as large as 
T(to, x) at any fixed time to > (Theorem 9.12, Remark (9.13)). We identify 
additional constraints ((10.10)) required on the MOC, /i, however, and it is 
left as an open problem whether such constraints can be satisfied. We show 
that fx is Dini-continuous in Section 11 and explore a useful implication of 
this property. Given the constraints on \x identified in (10.10), we show in 
Section 12 how the L p -norms of the Yudovich vorticity field can be recovered 
from \x ((12.2) and Theorem 12.2). Finally, in Section 13, we discuss how to 
obtain a vorticity field having, asymptotically in large p, the given L p -norms. 

Part I: Yudovich velocities 

1. Introduction 

The Euler equations describe the flow of an incompressible, constant-density, 
zero-viscosity fluid in a stationary frame, with the effects of temperature 
and other physical factors ignored. Letting v be the velocity field and p the 
pressure field for the fluid, we can write these equations in dimensionless 
form as 

d t v + v ■ Vv + Vp = f on [0, T] x O, 
divv =0 on [0,T] x 
v = v° on {0} x $7. 

Here, / is the external force, v° the initial velocity, T > 0, and ft C M. d , 
d > 2, the domain in which the fluid lies. When Q is not all of M. d , we 
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impose the no-penetration boundary conditions, v ■ n = on d£l, where n is 
the outward unit normal to the boundary. 

In this paper neither the external force nor the effect of the boundary will 
play an important role, though the dimension will. Thus, we will assume 
that n = M 2 , which means that we can also write the Euler equations in 
their vorticity formulation and can allow T to be arbitrarily large: 

d t uj + v-Vuj =0 on [0, T) x ft, 

v = K*uj on [0, T] x ft, 
u) = uj° on {0} x ft. 

Here, uj = uj(v) = d\v 2 — 82V is the vorticity (scalar curl) of the velocity 
with uj° = uj(v°) and K is the Biot-Savart kernel, 

^ \x\ 

where x 1 - = (—X2,xi). (We are following the common convention of giving 
uj a dual meaning both function and ELS cl variable.) 

Suppose that w is a scalar field lying in L p for all p in [po, oo) for some p$ 
in [1,2). Let 

9(p) = \\uj\\ Lp , a(e) = e- 1 9(e- 1 ), (1.2) 

and define 

H(x) = inf {x l ' 2t a{e) : e in (0, 1/2]} . (1.3) 

A classical result of measure theory is that p\og9{p) is convex; this fact will 
play an important role in Part II. 

Definition 1.1. We say that a; is a Yudovich vorticity if it is compactly 
supported (this is not essential, but will simplify our presentation) that 
satisfies the Osgood condition, 

1 dx 

oo. (1.4) 



H{x) 

Examples of Yudovich vorticities are 

6 (p) = 1,0i(p) = logp, • • • , 6> m (p) = logp-log 2 p---log m p, (1.5) 

where log" 1 is log composed with itself m times. These examples are de- 
scribed in [22] (see also [8].) Roughly speaking, the L p -norm of a Yudovich 
vorticity can grow in p only slightly faster than log p. Such growth in the L p - 
norms arises, for example, from a point singularity of the type loglog(l/ |x|). 
We define the class, Y, of Yudovich velocities to be 

Y = {K * uj : uj is a Yudovich vorticity} . 
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A Yudovich velocity will always lie in a space, E m , as defined in [4]: Let a 
be a stationary vector field, meaning that a is of the form 

"72 / P9(p) d Pi ~2 / P9(p)dp) (1.6) 
r Jo r Jo J 

for some g in C^(R) with J^ 2 9 = 1- For any real number m, a vector 
d belongs to E m if it is divergence-free and can be written in the form 
v = ma + v 1 , where v' is in L 2 (M?). E m is an affine space; having fixed 
the origin, ma, in E m , we can define a norm by \\ma + v l] \ Em = Wv'W^^y 

Convergence in E m is equivalent to convergence in the L 2 -norm to a vector 
in E m . 

Given 9 as above, we define the function space, 

Yg = {v G E m : \\co(v)\\ LP < C0(p) for all p in [ Po ,oo)} , (1.7) 
for some constant C. We define the norm on Yg to be 

\\ v \ke = \\ v \\E m + SU P W^i^hp / (P)- (!-8) 

pS[po,oo) 

Definition 1.2. We say that a continuous function /: [0,oo) —> [0, oo) with 
/(0) = is a modulus of continuity (MOC). When we say that a MOC, /, 
is C k , k > 0, we mean that it is continuous on [0, oo) and C k on (0, oo). 

A real- valued function or vector field, v, on a normed linear space, X, admits 
/ as a MOC if \v(x) — v(y)\ < f(\\x — y\\x) f° r an x i V m X. 

In Definition 1.2 we do not require / to be concave: the MOC we will 
work with in Part I will each have that property (see Theorem 10.3), but 
we will not need this until Part II. 

The final thing we must do before stating Yudovich's theorem is to define 
what we mean by a weak solution to the Euler equations. 

Definition 1.3 (Weak Euler Solutions). Given an initial velocity v° in Ye, v 
in L°°([0, T]; Yg) is a weak solution to the Euler equations (without forcing) 
if v(0) = v° and 

(E) — / v ■ Lp + I (v ■ Vv) • (p = 
dt Jn Jn 

for all divergence- free (p in (H 1 (M 2 )) 2 . 

Our form of the statement of Yudovich's theorem is a generalization of 
the statement of Theorem 5.1.1 of [4] from bounded to unbounded vorticity. 

Theorem 1.4 (Yudovich's Theorem for Unbounded Vorticity). First part: 

For any v° in Y there exists a unique weak solution v of (E). Moreover, v 
is in C(M; E m ) n L^ C (R; L°°(1R 2 )) and 

\\uj(t)\\ LP(R2) = \\uj°\\lp for all Po < p < oo. (1.9) 
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Second part: The vector field has a unique continuous flow. More precisely, 
if v° is in Yg then there exists a unique mapping ip, continuous from Kxl 2 
to M. 2 , such that 

ip(t,x) = x+ / v(s,ifj(s,x)) ds. 
Jo 

Let F t : [0, oo) — >■ [0, oo) be defined by T t (0) = and for s > by 

rr t (.) dr 



t. (1.10) 

/x(r) 

T/ten 5 h-> 1^(5) is an upper bound on the MOC of the flow at time t > 0; 
that is, for all x and y in M 2 

m,x)-^{t,y)\<T t {\x-y\). (1.11) 

Also, for all x and y in M 2 

\v(t,x)-v(t,y)\<fi(\x-y\). (1.12) 

Remark 1.5. As we shall see in Theorem 10.3, fi is concave, giving it 
sublinear growth; hence, f^°n(r)~ 1 dr = oo. This makes I\(s) well-defined 
by (1.10) for all s > 0. Because \x is Osgood, T t (s) decreases to as s — > + . 

Existence in the first part of Yudovich's theorem can be established, for 
instance, by modifying the approach on p. 311-319 of [14], which establishes 
existence under the assumption of bounded vorticity; the uniqueness argu- 
ment is given by Yudovich in [22]. The second part is Theorem 2 of [22], 
the bound on the MOC of the flow following from working out the details 
of Yudovich's proof (see Sections 5.2 through 5.4 of [9]). 

Remark 1.6. More properly, (1.10, 1.12) should be 

r '( 2s ) dr Ct 

—— = — and \v(t, x) - v(t, y)\ < Cfi(\x - y\ /2), 
2s M r ) 2 

where C is an absolute constant. We use the simpler forms in (1.10, 1.12), 
however, because they only result in changes in insignificant constants. 

2. Square-symmetric vorticity 

Ignoring for the moment the Euler equations, we will assume that the vortic- 
ity has certain symmetries, and from these symmetries deduce some useful 
properties of the divergence-free velocity having the given vorticity. In Sec- 
tion 3, we will then consider a solution to the Euler equations whose initial 
vorticity possesses these symmetries. 

For convenience, we number the quadrants in the plane Q\ through Q4, 
starting with 

Qi = {(^1,^2) : xi > 0,x 2 > 0} 
and moving counterclockwise through the quadrants. 
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Definition 2.1. We say that a Yudovich vorticity (vorticity as in Defini- 
tion 1.1) is symmetric by quadrant, or SBQ, if to is compactly supported 
and uj{x) = u(xi,X2) is odd in x\ and X2\ that is, ui{—x\,X2) = — U}{x\,x%) 
for x\ ^ and ui{x\, —X2) = — w(x 1 ,X2) for x 2 7^ — so also uj{— x) = uj{x) 
when x lies on neither axis. 

Lemma 2.2. Let uj be SBQ. Then there exists a unique vector field v in 
EqDY with ui(v) = uj, and v satisfies the following: 

(1) ^2(^1,0) = for all x\ in R; 

(2) ui(0, X2) = for all X2 in R; 

(3) u(0,0) = 0. 

//, in addition, uj > in Q\, then 

(4) ui(xi,0) > for all x 1 > 0. 

Proof. Let p be in [1,2) and let q > 2p/(2 — p). By Proposition 3.1.1 p. 44 
of [4], for any vorticity u in LP there exists a unique divergence- free vector 
field v in LP -\-L q whose curl is uj, with v being given by the Biot-Savart law, 

v = K*uj. (2.1) 

Here, K is the Biot-Savart kernel of (1.1), which decays like Cj \x\ with a 
singularity of order Cf \x\ at the origin. 

Because uj is compactly supported and lies in L 2 (R 2 ), uj is in L P (R 2 ), and 
(2.1) gives our velocity v, unique in all the spaces LP + L q . Also, because 
J K 2 uj = 0, v is in (L 2 ) 2 = Eq (see the comment following Definition 1.3.3 of 
[4], for instance). 

Then 

n(xi,0) = — I V2 2 uj(y)dy = — / V \ 2 ^(y)dy 

w J R 2 \ x - y\ 27T J R2 (xx - yi) + y$ 



1 4 r 



uj(y)dy. 



Making the changes of variables, u = (—2/1,2/2), u = —y, and u = (2/1, —2/2) 
on Q2, Q3, and Q4, respectively, in all cases the determinant of the Jacobian 
is ±1, and we obtain 



1 

«i(xi,0) = — 



2/2 , , , / U 2 

-2 ^(y) dy - / -2 - 

Qi{xi-yx) +2/2 Jq 1 {x 1 +ui) + u| 



I 

JQ 



-uj{u) du — I ^-r ^w(n) du 



or 



Iq 1 (x 1 + ui) 2 + u\ J q 1 (xi - ni) 2 + u\ 

Vl ( Xl ,0) = - [ (f 1 (x 1 ,y)-h(x 1 ,y))uj(y)dy, (2.2) 
T JQi 
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where 

fi{xi,y) = - V2 f 2 ( Xh y)= m (2.3) 

[xi- yx) +yi {xi + yi) +y% 

It follows from [x\ — yi) 2 + y\ < (x\ + yi) 2 + y\ on Q\ that fi{x\,y) > 
f2(xi,y) for all xi,yi > 0. Conclusion (4) then follows from (2.2). 
By the Biot-Savart law of (2.1), 

v 2 (xi, -x 2 ) = (K 2 * uj)(xi, -x 2 ) 



K 2 {xi -yi,-x 2 - y 2 )uj(y 1 ,y 2 )dy 

K 2 {xi -yi,x 2 + y 2 )u(yi,-y 2 )dy 

= K 2 (x 1 -y 1 ,x 2 - {-y 2 ))u{yi,-y 2 )dy 
= -v 2 (xi,x 2 ). 

Here we used K 2 (xi, —x 2 ) = — K 2 (x\, x 2 ) and the symmetry of uj. A similar 
calculation shows that v\{— x±, x 2 ) = —vi{x\,x 2 ). Thus, the velocity along 
the x-axis is directed along the x-axis and the velocity along the y-axis is 
directed along the y-axis, so the axes are preserved by the flow. In particular, 
the origin is fixed. This gives conclusions (l)-(3). □ 

Lemma 2.3 is Proposition 2.1 of [2] (see also Proposition 5.3.1 of [4]). 

Lemma 2.3. Let oj be SBQ with 

u = 27rl[ 0) i] x [o,i] (2.4) 

in Q\. Then there exists a constant C > such that 

m(xi,0)>2silog(l/xi) (2.5) 

for all x\ in (0, C}. 

The following lemma is a slight generalization of Lemma 2.3 that will give 
us our key inequality. 

Lemma 2.4. Let oj be SBQ with 

U = 27Tl[o, r ] x [0,r] ( 2 - 6 ) 

on Qi for some r in (0,1). Then for any A in (0,1) there exists a right 
neighborhood of the origin, N , such that 

«i(xi,0) > 2(l-A)x 1 log(l/xi) (2.7) 

for all x\ in 

Remark 2.5. The neighborhood N depends only upon A; in particular, it 
is independent of r. 
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Proof. The result follows from scaling the result in Lemma 2.3. Indeed, if 
we write co r (x) for the function oj defined by (2.6) then w 1 is the function 
defined by (2.4) and ui r (-) = oj (-/r). Letting v r = K*uj t we see that v r (x) = 
rv l (x/r), since then ui(v r (x)) = r(l/r)u(v 1 )(x jr) = uj l {x/r) = uj r (x) and 
v r (x) is divergence-free. It follows from Lemma 2.3 that for all x± such that 
xi/r lies in [0, C], 

vl(xi,0) = rv\(xi/r,0) > r2(x\/r) log(l/(xi/r)) 

= 2xi [log(l/xi) + logr] . 

Thus, if x\ < r then logr > Alog^i = — Alog(l/xi) so 

u[(a:i,0) >2xi(l-A)log(l/xi). 

Thus, (2.7) holds for all x l in [0, r l / x \ n [0, rC\. But r l / x < rC if and only if 
r < C x /( 1 ~ x \ which gives us the right neighborhood, J\f = (0, C 1 / ( - 1 ~ A * ) ). □ 

Definition 2.6. We say that oj is square-symmetric if lv is SBQ and oj(xi, X2) = 
w(max{xi, X2}, 0) on Q\. 

Being square-symmetric means that a vorticity is SBQ and is constant in 
absolute value along the boundary of any square centered at the origin. 

Lemma 2.7. Assume that oj is square-symmetric, finite except possibly at 
the origin, and w(xi,0) is non-increasing for x± > 0. Then for any A in 
(0,1) 

vi{x h 0) > C A w(x^0)xilog(l/xi) (2.8) 
for all xi in the neighborhood N of Lemma 2.4, where C\ = (1 — X)/tt. 
Proof. We can write w on Qi as 

cj(x)=2tt/ a(s)l [0)SM0 ^(x)ds, (2.9) 
Jo 

for some measurable, nonnegative function a: (0,1) — > [0, 00). This means 
that 

w(xi,0) = 2tt ! a(s)ds. (2.10) 

J Xl 

Let V(s) be the value of ui(xi,0) that results from assuming that ui is 
given by (2.6). By Lemma 2.2, V(s) > 0. Then because the Biot-Savart law 
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of (2.1) is linear, and using Lemma 2.4, for all x\ in the neighborhood jV, 
i>i(xi,0) = f a(s)V(s)ds 



o 



o 



a(s)V(s)ds + / a(s)V(s)cfe 



-l 

> / a(s)F(s)ds 




2tt 

w(xi,0)xi log(l/xi). 



2(1 - A) , 
xilog(l/xi y 



7T 

„A 



In the final inequality, V(s) is bounded as in Lemma 2.4 because < s in 
the integrand. □ 

Remark 2.8. Properly speaking, we must allow the function a of (2.9) to 
be a distribution since, for instance, to obtain to of Lemma 2.4, we would 
need a = S r . We could avoid this complication, however, by assuming that 
uj is strictly decreasing and that cj(xi,0) is sufficiently smooth as a function 
of x\ > 0. 

3. Evolution of square-symmetric vorticity 

We now assume that our initial vorticity is square-symmetric, and consider 
what happens to the solution to (E) over time. 

Theorem 3.1. Assume that u° is square-symmetric, finite except possibly 
at the origin, and w°(xi,0) is nonnegative and non-increasing for x\ > 0. 
Then for any A in (0, 1), 

vi(t, xi, 0) > C a u; (T t (2 x / 2 x$), 0)xi log(l/x x ) := L(t, x x ) (3.1) 

for all x\ in the neighborhood N of Lemma 2. 4 and all time t > 0, where Tt 
is defined as in Theorem 1.4- The constant C\ = (1 — X)/ir. 
Further, let X\(t) be the minimal solution to 

^M = L(t, Xl ), xi(0) = a (3.2) 
at 

with a > in M , and (0, t a ) being the time of existence. Then ^ 1 (t, a, 0) > 
xi(t) for all t in [0,t a ). 

Remark 3.2. In our applications of Theorem 3.1 in the next two sections, L 
will be Osgood continuous in space, so that a unique (and explicit) solution 
to (3.2) exists for all time. Hence, there will be no need to determine a 
minimal solution and we will have t a = oo. 
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Proof of Theorem 3.1. Since u (x±,X2) = — w°(xi, — X2), if u)(t, x\, x%) is 
a solution to (E) then — u:(t, x\, — £2) is also a solution. But the solu- 
tion to (E) is unique by Theorem 1.4, so we conclude that u(t, Xx,X2j = 
— u(t, x\, — X2). Similarly, oj(t,xx,X2) = —u{t,—xx,X2), and we see that u 
is SBQ. By Lemma 2.2, then, it follows that the flow transports vorticity 
in Qk, k = 1, . . . ,4, only within Qk, because of the direction of v along the 
axes for all t > 0. Therefore, u(t) is also nonnegative in Q\ for all time. 

Our approach then will be to produce a point-by-point lower bound uJ(t) 
on cu(t) that satisfies all the requirements of Lemma 2.7. In particular, it is 
SBQ, so uj(t)—uj(t) is SBQ and nonnegative in Q\. It follows from Lemma 2.2 
that vi(t,xi,0) — Ui(t,xi,0) > for all t > 0, where Ld(v(t)) = uJ(t). Thus, 
the lower bound on v\{t, x\, 0) coming from Lemma 2.7 will also be a lower 
bound on v\(t, x\, 0). We now determine U(t). 

Because conclusion (3) of Lemma 2.2 holds for all time, u being SBQ for 
all time, the origin is fixed by the flow; that is ip(t,0) = tp~~ 1 (t,0) = for 
all t. Also, the Euler equations are time reversible, and the function of 
(1.10) depends only upon the Lebesgue norms of the vorticity, which are 
preserved by the flow; therefore, Tt is a bound on the modulus of continuity 
of i^~ l {t, •) as well. Thus, 

\^\t,x)\ = \^-\t,x)-i,- l {t^)\ <T t {\x\). 

In Qx, the value of oj(t, x), then, is bounded below by using the minimum 
value of uj° on the circle of radius Tt(|x|) centered at the origin, since this 
is the furthest away from the origin that can lie, and uj° decreases 

with the distance from the origin. That is, 

co(t,x) = ^(ip-^t^)) > oj°(T t (\x\),0) 

because cj° is square-symmetric. 

Since \/2max{xi, X2] > \x\, F t is nondecreasing, and wo is nonincreasing 
on Qi, cj (rt(v / 2max{»i,x 2 }),0) < u)°(T t {\x\),0) on Q 1 . Letting 

uJ(t, xx, X2) = w (r t (v / 2 maxjxi, X2}), 0) 

we see that Jjj is square-symmetric, and on Qx, x) < oj{t, x), sow is our 
desired lower bound on oj. 
Then from (2.8), 

v\xi,0) > C x u(t,x$,0)xx log(l/xi) 

= C7 A w°(r t ((V2max{xi,0}) A ),0)x 1 log(l/xi) 

= C A o; (r 4 (2 A / 2 x^,0)x 1 log(l/x 1 ). 

That the minimal solution exists to (3.2) on [0,t a ) for some t a > and 
the inequality, ^ 1 (t, a, 0) > x\(t) for all t in [0,t a ), are classical results; see, 
for instance, Theorems 2.1 and 4.2 Chapter III of [7]. □ 
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4. Bounded vorticity 

We now apply Theorem 3.1 to the first in the sequence of Yudovich's vorticity 
bounds in (1.5) in which we have bounded vorticity. We assume that to is 
square-symmetric with cj° = l[o,i/2]x[0,l/2] in Qi so that ||w || L i n ioo = 1. 
We have, 

fj,(r) = inf {r 1-2 7e : e in (0,1/2]} = mf{g(e) : e in (0,1/2]} , 
where g(e) = r 1 ~ 2e /e. Then 

- 1 - 2e (2elog(l/r) - 1) 



9'(e) = c- 



,2 



which is zero when e = eo := 1/(2 log(l/r)) if r < 1 and eo < 1/2, and never 
zero otherwise. But 

eo < 1/2 <=► < 1/2 <=► Iog(l/r) > 1 

1 _! 

<^=^ - > e <^=^ r < e , 
r 

so the condition r < 1 is redundant. 

Assume that r < e _1 . Then </(e) approaches infinity as e approaches 
either zero or infinity; hence, eo minimizes g. Thus, 

fi(r) = r 1-2eo /e = 2r(l/r) 2eo log(l/r) 

= 2re 21og(1/r)e ° log(l/r) = -2erlog(r). 

Then from (1.10), 

£ ^y = -(2e)- 1 [log(-logr)]^)=t 

=> log(- log(xi) - log(- log(r t (aJi))) = 2et 

=> r t (xi) = x ie - 2et 

as long as r t (xi) < e -1 . 
Thus, Theorem 3.1 gives 

^(t,xi,0) > C A w°(2 A / 2 x^ 2e \0)xilog(l/xi) 
> C A xilog(l/xi) 

as long as 2 x / 2 x\ e ~ 2et < 1/2. 

Solving dx\{t)/dt = C\X\ log(l/xi) with x\(0) = a gives 

^(t,a,0) >xt(t) = a cxp (- c ^, 

which applies for sufficiently small a. 
Since ^(t,0,0) = 0, 

m,a,0) -^,0,0)| = 1^(^,0)1 > a ex P (-c A t)- a 
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which is infinite for any a > e~ Cxt . This shows that the flow can be in no 
Holder space for a > e~ c ' xt , reproducing, up to a constant, the result of 
[2] (or see Theorem 5.3.1 of [4].) 

5. YUDOVICH'S HIGHER EXAMPLES 

Assume that m > 2 and let u° have the symmetry described in Theorem 3.1 
with 

w°(a;i,0) = log 2 (l/x 1 )---log m (l/:r 1 ) = 9 m (l/x x )/\og{l/x 1 ), (5.1) 

for x\ in (0, 1/ exp m (0)), and w° equal to zero elsewhere in the first quadrant. 
Then by Lemma 5.2, 

00) = \\uP\\ L * < ciogp- ■ ■ iog m - 1 P = e m ^( P ) 

for all p larger than some p* , with Q m -\ given by (1.5). 

Adapting an observation of Yudovich's in [22], if fj, is the function of (1.3) 
associated with the admissible function 9, then letting eo = l/21og(l/r) for 
r < e~ p , 

A«(r) < (r 1 - 2eo /e o )0(l/e o ) = -Crr 1 / 10 ^ log r0(log(l/r)) 
= Cr log(l/r) log 2 (l/r) • • • log m (l/r) 
= CrO m (l/r). 

Then, if we define the upper bound on the modulus of continuity of the 
flow by (1.10), we have 

rr t (.) dr 



-C7[log m+1 (l/r)]^ (s) 
rr t (.) dr 



Cr9 m (l/r) 



< 



-cio g m+1 (i/r t ( s )) < -cio g m+1 (i/ s ) + 1 
=^ io g m+1 (l/r t (s)) > io g m+1 (i/ s ) - ct 

=► log m (l/r t ( S )) > e- ct log m (l/ S ). 
Using this bound, we have, from (3.1), 
v\t,x u 0) > C x u (r t (2 x / 2 x^),0)x 1 log(l/x 1 ) 

= c x io g 2 (i/r t (2^^)) • • • io g m (i/r t (2 A /2 x A ))xi i og{1/xi) 

> C x e- Ct log 2 (l/r t (2 A /2 X A )} . . . i g-(i/ 2 V2 x A )xi log(1/xi) 

> C' x e- Ct log 2 (l/r t (2 A / 2 x A )) • • • log m (l/x 1 )x 1 log(l/xi), 

as long as x\ > is sufficiently small, where C' a depends on A. (When 
m > 2, the argument l/Ff(2 A / 2 x A ) appears in each of the log 2 , . . . ,log m_1 
factors above, but not in the log factor. When m = 2 it appears in none of 
the factors.) 



(5.2) 
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Specializing to the case m = 2 and combining the previous two inequali- 
ties, the explicit dependence of the bound in (5.2) on I\ disappears, and we 
have 

wH'^l.O) > C; e - ct log 2 (l/xi)xilog(l/x 1 ) = C^e-^xMl/x!). 
Solving for 

^M = C' x e- ct x 1 e 2 (l/x 1 ) (5.3) 

with xi(0) = a, we get 

log^l/^i)) = log 3 (l/a) + C' x (e~ ct - 1) , 

so 

^(t,o,0) > xi(t) = exp (-(-logo)°* p ( cr ^ e " 0t - 1 )) 
= e -(-l°ga)T 

where 7 = exp (C' x {e~ ct — 1)) . 

Observe that 7 < 1 for all t > 0. Thus, for any a in (0, 1) and all t > 0, 

Imic - a ^o+ a a ~a->o+ a a , . 

e -(-loga)-v _ 7 ^- 4 J 

= lim — ; — : r— = lim = lim e au u = 00. 

a^0+ e _ '~ lo § a ) Q u^oo e~ au U-+00 

We conclude that the flow lies in no Holder space of positive exponent for all 
positive time, a result that we state explicitly as a corollary of Theorem 3.1. 

Corollary 5.1. There exists initial velocities satisfying the conditions of 
Theorem 1.4 for which the unique solution to (E) has an associated flow 
lying, for all positive time, in no Holder space of positive exponent. 

We used Lemma 5.2 above, and Lemma 5.3 is used in its proof. 

Lemma 5.2. Let m > 2 and let u° have the symmetry described in Theo- 
rem 3.1 with 

0) = log 2 (l/xi) • • • log m (l/xi) = m (lM)/l°g(lM)> 

forx\ in (0, 1/ exp m (0)), andoo equal to zero elsewhere in the first quadrant. 
Then 

\\uj°\\lp ~logp---log m_1 p = 6» m _i(p) 

for large p. 

Proof. Because of the symmetry of u°, 

/•l/exp m (0) pxi 

\\uj°\\ p Lp =4 2/ (oj (xi,0)) p dx2d Xl 

Jo Jo (k ,\ 

l/exp m (0) V ; 

X! [log 2 (l/x 1 )---log m (l/x 1 )] P ( ix 1 . 
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Making the change of variables, u = log(l/xi) = — \ogx\, it follows that 
x\ = e~ u and du = — (1/xi) dx\ so dx\ = —e~ u du. Thus, 

rexp™- 1 ^) 

e~ u [log u ■ ■ ■ log r ' 



\ui 



0\\p 
I LP 



' m - l uY(-e~ u )du 



oo 
oo 



exp m-l(o) 
OO 



e~ 2u [logn---log m - 1 n] P du 



poo 

> 8 / e~ 2u [logp---log m - 1 p 
Jp 

= 4e" 2p [logp---log m - 1 p] P , 



du 



the inequality holding for all sufficiently large p. Asymptotically, then, 
||w°||lp > e~ 2 logp- • -log m_1 p. 

For the upper upper bound on we use Lemma 5.3 to obtain, for 

all sufficiently large p, 



\, ,°\\ p < 



8 ^jT + J™^J e~ 2u [logu ■ • • log" 1 " 1 u] P du 

< 8 [ P e~ 2u [log p ■ ■ • log™" 1 p] p du 
Jo 



+ 



-2m 



log p • • • log 7 " - pep 



du 



< 8(logp---log m - 1 p) P 

' 1 + e~ 2 P 



) (logp---log m - 1 p) p 



e~ 2u du + e- p 



' u du 



Thus, asymptotically, ||w°||z,p < logp- • • log" 1 1 p, completing the proof. □ 
Lemma 5.3. Let m be a positive integer. Then for sufficiently large p, 

\og{xp) ■ ■ ■ \og m - l {xp) < (logp- • • log" 1 " 1 p)e x ~ 1 (5.6) 

for all x > 1. 

Proof. We prove this for m = 3, the proof for other values of m being 
entirely analogous. First, by taking the logarithm of both sides of (5.6), 
that equation holds if and only if 

f{x) := loglog(2;p) + log log log (xp) 

< g(x) := log(logploglogp) + x — 1. 

Because equality holds for x = 1, our result will follow if we can show that 
/' < g' for all x > 1 and sufficiently large p. This is, in fact, true, since 

1 1 



+ 



x \og{xp) x \og{xp) log \og{xp) 
for all x > 1 and p > e e . 



<l=9' 



□ 
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6. Remarks 

It is natural to try to extend the analysis of Section 5 to Yudovich initial 
vorticities for m > 2. But this is, in fact, quite difficult, because when 
m > 2 the explicit dependence of the bound in (5.2) on I\ remains, so we 
must also bound log fc (l/Tt(s)) for k = 2, ... ,m — 1. Doing so makes the 
analog of (5.3) no longer exactly integrable. It is clear that one obtains a 
worse bound on the modulus of continuity (MOC) than for m = 2, but it is 
not at all clear what happens as we take m to infinity. 

We chose to give the initial vorticity SBQ symmetry because such sym- 
metry works well with the symmetry of the Biot-Savart law to produce a 
lower bound on the velocity along the x- or y-axes. Having made this choice, 
the rest of our choices concerning the vorticity were inevitable, up to inter- 
changing the roles of x and y or changing the sign of the vorticity. Because 
the initial vorticity is SBQ, the function / = /i — /2, where fa and fa are 
defined in (2.3), controls the bound on the velocity, and / is continuous 
except for a singularity at y = (xi,0), where it goes to positive infinity (for 
x\ > 0). Thus, whatever lower bound we derive on vi(xi,0), it will increase 
the fastest at a singularity of \u)(t)\ that lies along the rr-axis and this ef- 
fect is most pronounced when oj is of a single sign in Ql (this follows from 
(2.2)). The lower bound on the MOC of the flow then follows from allowing 
a point a = (ai,0) to approach the singularity and looking at how large 
the appropriate difference quotient becomes, as in (5.4). But to do this, we 
need control on the position of the singularity of and, when assuming 

SBQ, the origin is the one point at which we have the most control — the 
singularity doesn't move at all. 

Thus, the assumption of SBQ naturally leads us to assume a point sin- 
gularity at the origin. Then, because it appears that we can only bound 
from below the effect on vi(xi,0) of the vorticity outside of the square on 
which a point lies (actually, an even larger square because of the exponent 
A in Lemma 2.7), we are naturally led to the assumption that \u \ decreases 
with the distance from the origin, which leads to Lemma 2.7. 

A possible way to around these difficulties is to maintain symmetry by 
quadrant of the initial vorticity, but to drop the constraint of square symme- 
try, pinching or cutting out the singularity as in Figure 1. We also require 
that \oj°\ be a decreasing function of \xi\ alone. 



X2 = 




Figure 1 

The support of the initial vorticity is now Qq, the region lying between 
the curves x% = ±7(^1) and the vertical lines x\ = ±r. We require that 7 
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be even and that 7 ; (0) = (else we gain little over our existing example). 
One can show that (2.8, 3.1) continue to hold, though now the neighborhood 
on which they hold shrinks rapidly as we make 7 pinch more tightly (that 
is, vanish more quickly as the origin is approached). But by pinching the 
initial vorticity this way we can sharpen the singularity of w at the origin 
while leaving its L p -norms and so Tt unchanged. This then would increase 
the lower bound in (3.1) — if, that is, we can insure that the geometry of the 
support of the vorticity is not changed too radically over a short time. This 
is the subject of a future work. 



The various mappings in Part I can be described schematically as (see Sec- 
tion 1 for definitions) 



That is, the initial velocity gives the velocity at all time which gives the 
flow at all time, and the initial velocity also gives the initial vorticity, whose 
L p -norms, 0(p), give the MOC of the the velocity field which gives the MOC 
of the flow. The Osgood condition on [i insures that both mappings in (7.1) 
and the last mapping in (7.2) are well-defined. 

The mappings in (7.1) are trivial to invert: v(t,x) = dtil)(t,tl)~~ 1 (t,x)) and 
v° = v(0, •). The first mapping in (7.2) is easily inverted as well using the 
Biot-Savart law, (2.1). The remaining three mappings in (7.2), which are 
the topic of this part of the paper, are another matter. 

Our interest in inverting 9(p) i-> fJ-(x) and fJ,(x) 1— > Tt(x) stems from an 
attempt to answer the question, "Can the upper bound on the MOC of the 
flow map given by (1.10) be arbitrarily poor?" More precisely, we have the 
following two questions: 

Question 1: Given a fixed time to > and any (concave) 
MOC, /, does there exist a (concave) MOC, [a, such that the 
associated Vt > /, at least near the origin? 
Question 2: If we obtain fi from / as in Question 1, can we 
find a function 9 that inverts the map, 9(p) h-> p,(x)? 

If we place no restrictions on the MOC, fi, other than the almost minimal 
ones that fi is C 1 and strictly increasing then we can answer Question 1 
affirmatively fairly easily (see Theorem 9.4). In this form, Question 1 is 
equivalent to some results in functional equations from the early 1960s due 
to Kordylewski and Kuczma ([11, 12]) and Choczewski ([5]). 

We will find, however, in Section 10 that \x must be concave (and have 
further properties as well). Adding only the fundamental constraint that /i 



Part II: Inverse problems 



7. Introduction 



v 1 y v(t,x) 1 — y tp(t,x), 

t; i-> w° H- 9{p) 1 — y fi(x) i-> T t (x). 



(7.1) 
(7.2) 
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be concave (a common constraint for flows associated with transport equa- 
tions) we give an affirmative answer to Question 1 in Remark (9.13), but 
only after a fairly lengthy digression into results, due primarily to Zdun [23] 
and Targohski and Zdun [19], on iteration (sub)groups. In Section 8, we give 
some of these results along with proofs in a form more directly applicable 
to our purposes. In Section 9 we consider Question 1, extending in a small 
way the results of Zdun and using them to answer Question 1. 

After characterizing the required properties of fi in Section 10, and de- 
scribing some useful implications of these properties in Section 11, we give 
a complete answer to Question 2 in Theorem 12.2. 

Remaining open is whether Question 1 can be answered affirmatively 
when the additional properties of [i given in the three equivalent conditions 
of (10.10) are required to hold. 

Finally, in Section 13, we give one approach to inverting (approximately) 
the map, oj° h- > 0(p). This approach yields an additional constraint on the 
third derivative of /i; it is unclear, however, whether this constraint is an 
artifact of the method of inversion or whether it, or some similar constraint, 
is an essential requirement. 

In what follows, we will have need to distinguish among the following 
three degrees of concavity (or, similarly, convexity): 

Definition 7.1. Assume that / is a twice differentiable function on some 
open interval of M. Then we say that 

(1) / is concave if /" < 0; 

(2) / is strictly concave if /' is strictly decreasing; 

(3) / is strongly strictly concave if /" < 0. 



The relation between the (time-independent) MOC of a vector field and of 
its flow is given in the following, classical lemma (which was used in the 
proof of Theorem 1.4): 

Lemma 8.1. Let Q be a domain in M n and v be a vector field on f2 that 
admits a MOC, \i, that satisfies the Osgood condition, (1-4)- Then v has a 
unique associated flow, ip, continuous from M x £1 to M n , such that 



Jo 

for all x in O. For t > define IV [0, oo) — > [0, oo) by l"t(0) = and for 
x > by 




8. Properties of the MOC of the flow map 




(8.1) 




(8.2) 



THE FLOW FOR EULER EQUATIONS 19 

for all t > 0. Then T t is a modulus of continuity for the flow, ip, in the 
sense of (1.11). 

Proof. The proof is classical. See, for instance, Theorem 5.2.1 of [4]. (Chemin's 
theorem is stated for log-Lipschitz vector fields, but the proof applies for any 
vector field having a MOC satisfying Osgood's condition.) □ 

We will alternately write T(t,x) and Tt(x). 

Theorem 8.2. Assume that (i is a MOC with [i > on (0, oo) and that it 
satisfies the Osgood condition, (1-4)- Then (8.2) uniquely defines T : [0,oo) 2 — > 
[0, oo) with Tq = identity map and, for all t > 0, Tt strictly increasing, 
r7(0) = ; and Tt(x) > x for all x > 0. Also, T is continuously differen- 
tiable. 

If fj, is strictly increasing on (0, a) for some < a < oo then T' t > 1 on 
(0,1V 1 (a)) for allt> 0. 

Moreover, viewing [i as a 1-vector (velocity) field on [0, oo), T satisfies 
the transport equation, 

d t T(t, x) - n(x)d x T(t, x) = 0, (t, x) in [0, oo) x [0, oo), - ^ 

r(0, x) = x, x in [0, oo). 

Also viewing each Tt, t > 0, as 1-vector fields on [0, oo), T is the flow 
associated with the velocity field, /x. That is, T is its own flow: 

d t T(t,x) = n(T(t,x)), (t,x) in [0,oo) x [0,oo), , g ^ 

r(0,x) = x, x in [0, oo). 

Finally, the following identity holds for all (t,x) in [0, oo) x [0, oo): 

ti(T t (x))=T' t (x)fi(x). (8.5) 

Proof. The conclusions in the first paragraph of this lemma, with the ex- 
ception of the last sentence, follow immediately from (8.2). 
Taking the derivative with respect to x of (8.2), 

ft;)- ^ 1 -Q 

lt{X) M (T t (x)) n{x) 

for all t, x > 0. This gives (8.5) and shows that T is continuously differen- 
tiable in space and that if fj, is strictly increasing on (0, a) then r| > 1 on 
(0,r t _1 (a)) for all t > 0. 

Taking the derivative of It(x) with respect to t, we have 

Mr* (a?)) 

so /j,(T t (x)) = dtT t (x) for all t,x > 0, which is (8.4). It follows, then, that T 
is continuously differentiable in time and that dtT t {x) = T' t (x)fi(x), or, 

d t T t (x) 

= T t^, (8-6) 
an equality that hold for all x and is independent of t > 0. This is (8.3). □ 
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Moreover, we have the following simple but important lemma: 

Lemma 8.3. Let fi be as in Theorem 8.2. The following are equivalent: 

(1) The MOC, fi = dtT t \t=o, is differentiable and concave on (0,a). 

(2) I\ is twice differentiable on (0, oo) and concave on (0, F^ (a)) for 
all t > 0. 

(3) F t is twice differentiable on (0, oo) and concave on (0, F^ 1 (a)) for 
all t in (0, 5) for some 5 > 0. 

Here, < a < oo. Furthermore, strong strict concavity of Ft on (0,r^ 1 (a)) 
for all t > implies strict concavity of \i on (0, a) . 

Proof. That fi = dtF t \t=o follows from (8.6), since Fq(x) = x. Taking the 
derivative of (8.5) with respect to x gives 

(MIM*)))' F' t (x)^'(x) + FUxMx) 



M ; (Tt(x)) 



F' t (x) F' t (x) 
H{x)+F t (^)^773' 



or, 



F'l(h) = ^(F t (h))-^'(h)) T -^. (8.7) 

Since Ft(h) > h for all t, h > 0, F"(h) and fj,'(Ft(h)) — fJ>'(h) have the same 
sign for all t, h > 0. 

Suppose that (3) holds and let h lie in (0, a). Then for all sufficiently small 
t>0,h lies in (0,^(0)) which shows by (8.7) that fjf(T t (h)) < fi'(h). But 
Ft(h) decreases to h as t — > + , so fj,' is increasing at h. Hence, fj,' is 
increasing for all h in (0, a) meaning that /i is concave on (0, a). That is, 
(3) =» (1). 

Now assume that (1) holds. This shows directly from (8.7) that F"(h) is 
concave; that is, (1) (2). That (2) ==> (3) is immediate. 

The statement involving strong strict concavity is a small modification of 
the argument above. □ 

Remark 8.4. Other than the implication involving strict concavity, one 
need only assume in Lemma 8.3 that \x is continuous and that Ft is contin- 
uously differentiable, as is shown in the results of Zdun [23] that we discuss 
in the next section. 

It follows from (8.4) that dtFt(x) > 0, so Ft(x) is an increasing function 
of t for fixed x > 0; that is, the MOC of the flow gets worse with time. This 
observation leads to the following: 

Lemma 8.5. If fi is (strictly) increasing then the map, F(-,x) is a (strictly) 
increasing convex function for all x > and d x F(-,x) is (strictly) increasing. 

Proof. From (8.4), dtF t {x) = fi(F t (x)), and as observed above, F t (x) in- 
creases with t. Since fi also increases by assumption, it follows that dtFt(x) 
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increases with t; that is, t i— > I\(;r) is convex. Prom (8.3), dtT t (x) = 
fj,(x)T' t (x) , and we conclude that 1 1-> rj(x) is strictly increasing. □ 

In the context of iteration (semi)groups, all of the results in this section, 
with the possible exception of Lemma 8.5, are known, in broader generality, 
and are due primarily to Zdun [23] and Targohski and Zdun [19] (also see 
Section 3.3 of [18], which summarizes many of the key results in [23]). We 
make use of these connections, along with some of the deeper results in 
[23, 19], in the next section. 

9. Inverting the MOC of the flow map 

In Section 8 we characterized the properties of the MOC, T, of the flow map, 
in particular as regards concavity properties of Tt, and found that it is easy 
to obtain the corresponding MOC, /i, of the vector field from (8.6). But this 
formula requires that we know Tj for all t in a neighborhood of the origin. 
In this section we attempt to answer Question 1 of Section 7, in which we 
only know r^ at one time, to > 0- I n this case, we do not expect to obtain 
a unique /z and so do not expect to obtain a unique T. We are especially 
interested in determining whether we can find a \i that is concave. 

Our starting point will be Theorem 9.4, in which we construct a fi that 
is strictly increasing, but only on some interval [0, a). This is adequate for 
our uses, but complicates all subsequent arguments because we have to keep 
track of the interval on which various functions are guaranteed to be strictly 
increasing or concave: this is the purpose of introducing Definitions 9.1 and 
9.2. The essential meaning of the theorems are easier to grasp, however, if 
one ignores any statements involving t, V, or J, and just imagines that /i is 
strictly increasing on all of [0, oo). In any case, these definitions are required 
along the way, but not in the statement Theorem 9.12, the main result of 
this section. 

Definition 9.1. For any function, /, on [0, oo) we define 

L (f) = SU P i a £ [0> oo] : / is strictly increasing on [0, a)} , 
V(f) = sup {a G [0, oo] : / is concave on (0, a)} . 

Definition 9.2. Let / be a C 1 MOC and let a = i(f(x) - x). We say that 
a MOC, /, such that f(x) > x for all x in (0, oo) is acceptable or globally 
acceptable if a = oo and is locally acceptable if a > 0. We define J(f) = a. 

Remark 9.3. It follows from Definition 9.2 that /' > 1 on (0, </(/)). Also, 
/ concave is compatible with / being acceptable. 

We now answer Question 1 of Section 7 affirmatively. 

Theorem 9.4. Fix to > 0. Given any f that is a globally acceptable MOC 
there exists a continuous MOC, [i, satisfying the Osgood condition, (l-4)> 
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with \i > on (0,oo), such that 



lir), / ^-y=*o (9.1) 



for all x > 0. If f is C k , k > 1, then ii can be chosen to be C k 1 . 

Proof. Choose a > arbitrarily, then choose a smooth /i, strictly increasing 
on the interval [a, f(a)] such that the following two conditions are satisfied: 

rf(a) j 

to, (9.2) 



Li(f(a)) = f'(a)fx(a). (9.3) 

It is easy to see that we can find a function fi on [a, f(a)] that satisfies (9.2, 
9.3) if and only if we choose /i(a) so that 

^ < f>(a) < M^S. (9.4) 

Since f'(a) > 1 this is always possible. 

Next define n(x) for x in the interval [/ _1 (a),a] by 

,(*) = ^ (0.) 

and note that if / is concave then \i is strictly increasing on [/ _1 (a),a] 
because fi(f(x)) is strictly increasing and /' is decreasing on that interval. 
Also, fi is continuous, in particular at a by (9.3). 

Suppose that / lies in C 2 ((0,oo)). Then taking the derivative of (9.5), 



li'{x) = n'{f{x)) - n(f(x)) 



f"(x) 



2 



Hence, \i is in C 1 ((/~ 1 (a), a). To insure that // is continuous at a, we simply 
require that \x be chosen on the interval [a, f(a)] such that 

M '(a)=^(/(a))-/,(/(a))^ 2 , (9.6) 

//(a) being a right-sided derivative and /x'(/(a)) a left-sided derivative. 
Equality in (9.6) can be assured by changing the definition of \x on [a, f(a)] 
an arbitrarily small amount near the endpoints. Hence, we can make (9.6) 
hold under the same conditions (9.4) while retaining the other properties of 
[i already established. But once (9.6) holds, the continuity of /, /', and /" 
makes // continuous on [f^ 1 (a),f(a)]. A straightforward extension of this 
argument shows that if / lies in C fc ((0, 00)) then /x can be chosen to lie in 
C k -\[f-Ha),f(a)]). 

Extending this definition of [x inductively to [/ n (a), f n+1 (a)] we unam- 
biguously define \x on all of (0, /(a)] and the resulting fx is positive, contin- 
uous, satisfies (9.5) for all x in (0,a], is strictly increasing if / is concave, 
and if / lies in C fc ((0,oo)) then li lies in C7 fc_1 ((0,/(a)]). 
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Next, extend \i to the interval [/(a), /(/(a))] using fi(f(x)) = f'(x)/i(x), 
the complement of (9.5), and inductively extend \x to all of (0, oo). Then 
[i satisfies (9.5) for x > a as well and if / lies in C fc ((0,oo)) then [i lies in 
C fc_1 ((0, oo)). (Even if / is concave, extending fi in this way, does not insure 
that it is an increasing function for x > /(a), for though fi is increasing on 
the interval [a, /(a)], /' would be decreasing.) 

Defining /: (0,oo) — > [0, oo) as in (9.1), it follows from (9.5) that 

I[X) M (/(x)) n{x) 
for all x > 0. Therefore, I is a constant function. But by construction, 
1(a) = to so I(x) = to for all x > 0. That is, fi satisfies (9.1) for all x > 0. 

It follows by the absolute continuity of the integral and the fact that / is 
strictly increasing that 

/ ~n = J2 ~n = = 9.7 

Jo Ks) ^y/-(«+D(o) /*(«) ^ 
so that /i satisfies the Osgood condition, (1.4), and also that we must have 

lim n(s) = 0, (9.8) 

so that we can extend \i continuously to [0, oo) by setting ^(0) = 0. □ 

Remark 9.5. After expressing the relation in (9.1) in the form /i(/(x)) = 
f'(x)n(x), we can view our construction of the function \i as an application 
of Theorem 2.1 of [13], which is due to Kordylewski and Kuczma ([11, 12]). 
That [i is C k ~ 1 when / is C k can be seen as an application of Theorem 
4.1 of [13], which is due to Choczewski ([5]). Also see Theorem 6.2 of [23] 
(quoted in Proposition 3.3.45 of [18]). 

Since //(/(#)) = f'(x)/j,(x), we have 

//(/(*)) = //(*) + M*)^. (9-9) 

If / is concave then fj,'(f(x)) < y!{x). It does not, however, follow that 
/J.'(x) is a decreasing function of x — for this, we need more information, as 
in Lemma 8.3. 

We now show how the problem of inverting the relation in (9.1) to obtain 
(j, from / is related to iteration theory. We start with the following definition, 
adapted to our setting from [23] (see also [24] and Section 3.3 of [18]): 

Definition 9.6. A continuous iteration group of MOC (CIG) is a family, 
G = (f)tm, of MOC such that 

(1) For all t > 0, f{x) > x. 

(2) For all s, t in M, f s of = f s +K 

(3) /° is the identity. 

(4) As a map from K to [0, oo), t t— >■ f (x) is continuous for all x in 
[0,oo). 
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Furthermore (refer to Definitions 9.1 and 9.2 for definitions of J and V), 

• If, for all t > 0, /* is locally acceptable with J(f t ) > /~*(a) for some 
< a < oo then we say that G is locally acceptable and define J(G) 
to be the supremum of all such a. If a = oo then we say that G is 
acceptable or globally acceptable. 

• If, for all t > 0, V(/*) > /~*(a) for some < a < oo then we say 
that G is locally concave and define V(G) to be the supremum of all 
such a. If a = oo then we say that G is concave or globally concave. 

• We say that G is C fc , jfe > 0, if /* is C fc for all t in R. 

• We say that/ is embedded in G if J 1 = /. 

Let /i be a MOC and let T be the corresponding MOC of the flow given by 
Theorem 8.2. If we let f = T% then because the flows (rt)tgR form a group 
under composition, letting /* = T t , f is embedded in the CIG, (/*)teR- 

Now suppose, starting with only with an acceptable MOC, /, that we 
can find a C 1 CIG, G = (/*)teRj for / with each /* also strictly increasing. 
Then 

Btf(x) _ lim f^MplM _ Um 

_ Hm /TO) - /'(s) ^ - /°(x) 



= (f t y(x)d s nx)\ s=0 . 

Hence the function, 

is well-defined, with the first expression independent of t in R. 
Also, arguing as in the proof of Lemma 5.2 part II of [23], 

M / = Jim 7 = hm = d t f (x) 

and, applying the chain rule, 



9s 

(/*y(x)M(x). 



6>S 



s=0 



Letting I(t,x) = ^ we conclude from these two relations for 

that dtl(t,x) = 1 and d x I(t,x) = 0, and from this it follows that 
for all £ > 0, 

/*(*) dr 



This includes (9.1) in the special case, to = 1- (I n other words, (9.1) is 
satisfied, where it is now convenient to set to = 1, with no loss of generality.) 
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In fact, by Lemma 8.3, we can invert (9.1) to obtain \i from / if and only 
if there is some such CIG, G = (/*)teR, in which case I\ = /*. Finally, 
observe that = J(G). 

Combining the results of Section 8, Theorem 9.4, and [23] with the ob- 
servations above, we have: 

Theorem 9.7. Suppose that f is a C k , k > 1, globally concave globally 
acceptable MOC. Then there exists a (in fact, an infinite number of) C k 
locally acceptable CIG, G, embedding f with J{G) arbitrarily large. Let G = 
(/*)teR be any such CIG embedding f with a = J(G). Then fi := dtf l \t=o is 
C k ~ 1 , satisfies the Osgood condition, and l(h) = a. Moreover, the following 
are equivalent: 

(1) fi is concave (on (0,6)); 

(2) G is locally concave with V{G) > b; 

(3) for some S > 0, /* is concave (on (0, f~ l {b))) for all t in (0,5) . 
Remark 9.8. That G is C k in Theorem 9.7 is proved below following (9.13). 

Left open in Theorem 9.7 is the question of whether any concave ac- 
ceptable MOC is embeddable in a concave CIG. We cannot prove this, and 
indeed it may not be true, but for our purposes, the weaker result in Theo- 
rem 9.12 will suffice (see Remark (9.13)). Before proceeding to the proof of 
Theorem 9.12, however, let us look at some illustrative examples. 

Let a m = l/exp m+1 (l) for for any m = 0,1,... define fi m : [0, a m ) —> 
[0,oo) with Hm(0) = and 



where 8 m is defined in (1.5). It is straightforward to verify that [i m is 
continuous, C°° on (0, a m ), concave, and increasing (strictly increasing for 
m > 1). Extend /x arbitrarily to [0, oo) in such a way as to maintain these 
properties. 

Now define f l m by 



l^m{x) = x6 m (l/x) for < x < a 



(9.10) 



We can exactly integrate this to give, for < x < a 





whose solution is 



f m {x) = l/exp™(e-* log m (l/x))) = F' 1 (x)) 

where F m (x) = 1/ exp m (x). Or, we can write, 

f t m(x)=hm(t + h- 1 (x)), 



(9.11) 
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which we note is strictly increasing. 

It is easy to verify directly from (9.11) that G m = (fm)teR is a CIG 
embedding / = and it follows from Theorem 9.7 that G m is a concave 
CIG. In fact, in our setting, any C 1 CIG, G = (/*)tgK, must be of the form 

f\ x ) = h(t + h- 1 (x)) (9.12) 

for some h: (—00,00) —> (0, 00). (The function h is called the generating 
function of G.) This follows from Theorem 7.1 Chapter I of [23] (quoted 
in Theorem 3.3.29 of [18]), where it is also proven that h must be strictly 
increasing with h(—oo) = 0, /i(oo) = 00 and that h is nearly unique in the 
sense that if f l {x) = hj(t + hj 1 (x)), j = 1, 2, then there exists some a in R 
such that hi(-) = /i2(a + •). (In the terminology of [23], / satisfies property 
P3° with a = 0, b = +00.) 

By Theorem 1.2 Chapter II of [23], h is differentiable on (—00, 00) and h! 
never vanishes so, in fact, h is strictly increasing. Also, by Theorem 9.7, 

li[x) = d t f(x)\ t=0 = h'(t + h-\x))\ t=0 

= «»-<FW (9 ' 13) 

which is Lemma 4.2 of [23]. The last expression for /j, shows that if fx is 
C fc_1 then h is C k . Since, by Theorem 9.4, [i can be chosen to be C k ~ l if / 
is C k , this completes the proof of Theorem 9.7 promised in Remark (9.8). 

(The last expression for \i in (9.13) also leads to a direct expression for 
h^ 1 in terms of //; namely, h~ 1 (x) = h~ 1 (a) + /^(/^(s)) 1 ds for any fixed 
choice of a > and assigned value of h~ l {a). This in turn leads to the 
relation in (9.12) and to the statement regarding the uniqueness of h.) 

For f m , we have 

/ l - 1 (x) = -log m+1 (l/x) 

and 

exp m+1 (— x) ■ ■ ■ exp(— x){— 1) exp m (— x) ■ ■ ■ exp(— x) 



h' m {x) 



exp m+1 (-x) 2 exp m+1 (- 



so 



, W tu-l< \\ logx- • -log m (3;) 

fx m {x) = h m (h m (x)) = — = xlogx---log (x) 

1/x 

= x9 m (l/x), 

in agreement with (9.10). 

In more generality, we have Theorem 9.9. (See Definition 7.1 for our 
distinctions among degrees of concavity.) 

Theorem 9.9. Suppose that f is a C k , k > 3, concave acceptable MOC 
embedded in a C k locally acceptable CIG, G = (f t )t£M., given by Theorem 9.7 
with a = J(G). There exists a C k generating function, h: (—00,00) — > 
(0,oo), for /* as in (9.12), with h(—oo) = and h(po) = 00. Any such 
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h must be strictly increasing on R and strongly strictly convex on (—oo,b), 
where b = h~ l (a). If f l {x) = hj(t+hj (x)), j = 1,2, then there exists some 
c in R such that /ii(-) = /i2(c+ •). For any t,x > 0, 

rfW _ds_ = t 
fj,(s) 

where = /i'(/i -1 (2;)) = l/(/i _1 (x))' is C k ~~ l and strictly increasing on 
(0,a). 

Let < a < a and Zef 6 = h~ 1 (a). G (and hence n) is locally concave 
with V(G) = a if and only iflogh' is concave on (— oo, b), and \x is strongly 
strictly concave on (0, a) if and only iflogh' is concave on (—00,6). Fi- 
nally, if fi is (strongly strictly) concave on (0,a) then on (—00, b), log/i is 
strictly increasing and (strongly strictly) concave with (log/t')' < (log/i)' ; 
strict inequality holding when \i is strongly strictly concave. 

Proof. The existence of a generating function h satisfying (9.12) and pos- 
sessing the stated properties follows from Theorem 7.1 Chapter I of [23]. By 
Theorem 9.7, [i is C k ~ 1 , and by the comment following (9.13), h is C k . 
By (9.12), f*(h(x - t)) = h(x), so 

{f t )'{h{x-t))h'{x-t) = h\x). 

But (/*)' > 1 on f^ t (a) by Theorem 9.7 so we conclude that h! is increasing 
on (—00,6); that is, the condition that h be (non-strictly) convex is already 
required simply for the CIG to be any strictly increasing CIG embedding 
/, as given by Theorem 9.7. More important, we conclude that / is as 
differentiable as h. 
Writing (9.13) as 

H(h(x)) = h'(x) (9.14) 

(which shows that h is strictly increasing on R) we have 

n'{h{x))h'{x) = h"{x). (9.15) 

Since h is strictly increasing, /i will be strictly increasing on (0,o) if and 
only if h is strictly convex on (—00, b). Taking another derivative gives 

H'{h{x))h"{x) + fi"(h(x)){h'(x)) 2 = h"'(x) 



so 



or, 



fi"(h{x))(h'(x)) 2 = h"'{x) - n'{h{x))h"{x) = h"\x) ^ h "^ 



fi (h[x))hl \x) 



h'{x) 

h"'{x)h'{x)-{h"{x)) 2 (h"{xY ' 



h'(x) 2 \ h'{x) J (9.16) 

{\ogh')"(x). 
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Thus, /J, is strictly increasing and (strongly strictly) concave on (0,a) if 
and only if h is strictly convex while log h! is (strongly strictly) concave on 
(-oo,5). 

Since fi is concave on (0, a), we have /jl'(x) < fi(x)/x (with strict inequality 
if \x is strongly strictly convex) on (0, a). From (9.14, 9.15), 

^ / (Mx)) = ^4 = (iog/ l ') , (x), 

so we conclude that < (log/i')' < (log/i)' on (—00,6) with strict inequality 
when /i is strongly strictly convex on (0,a). Differentiating (9.17)i then 
substituting (9.17)2 gives 

_ h(x)ii'(h(x))h'(x) - fi(h(x))h' (x) 

{lOgn) [X) - (h(rVfl 

h'( \ (9 - 18) 

= ^[/(^)-#))]<0, 

again using //(x) < fi(x)/x . Thus, if /i is (strongly strictly) concave on 
(0,a) then log/i must be (strongly strictly) concave on (—00, b). □ 

Remark 9.10. Much of Theorem 9.9 can be obtained assuming only that 
(/*)teR is C 1 , as in Theorem 3.22 of [19]. 

Let h, a, and b be as in Theorem 9.9. The conclusion in Theorem 9.9 that 
h{— 00) = is equivalent to /U satisfying the Osgood condition, for a change 
of variables gives 

- 1 (is f 1 ds [ h ~ 1( -^ h'{u) 



H(s) J h'ih x (s)) A-i(o) ^ N 

which is infinite if and only if /i -1 (0) = —00. 

Since b! > 0, we can write h' uniquely in the form 

ti = e 9 (9.19) 

for some function g : R — )■ R. Then 5 = log h' and /i" = ^'e 9 . But h" > on 
(—00,6) by Theorem 9.9, meaning that g' > on (—00,6) and hence g is a 
strictly increasing function on (—00, b). Again by Theorem 9.9, G = (/*)tgR 
is locally concave with < V{G) = a < a if and only if g is concave on 
(— 00, /i _1 (a)). Also, = fi(0) = n(h(— 00)) = h'(-oo) so g(— 00) = —00. 
Thus, we have the following immediate corollary of Theorem 9.9: 

Corollary 9.11. Let f,G = (/*)teR, and h be as in Theorem 9.9 with 
a = J{G). Then h! = e 9 for some C k ~ l function, g: M — > R, strictly 
increasing on (—co,h~ 1 (a)) with g(—oo) = —00. Furthermore, G is locally 
concave with < V(G) = a < a if and only if g is concave on (—00,6), 
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where b = h (a), and \i is strongly strictly concave on (0,a) if and only if 
g is strongly strictly concave on (—00,6). 

We are now in a position to prove that given a concave acceptable MOC 
there always exists a larger concave acceptable MOC that is embeddable in 
a concave CIG: this is Theorem 9.12. 

Theorem 9.12. Let f be any C k globally concave globally acceptable MOC, 
k > 3. Then for any a > there exists a C k+1 globally concave globally 
acceptable MOC, f , embedded in a C k+1 globally concave globally acceptable 
CIG with f > / on (0, a). The associated function \i is concave and C k 
and the generating function h is C k+1 . Furthermore, if f is strongly strictly 
concave then fi is strongly strictly concave on (0, a). 

Proof. Let G = (ft)teM be any C k locally acceptable CIG embedding / as 
given by Theorem 9.7 and let h be the corresponding C k generating function 
given by Theorem 9.9. Let a' = J(G) and let a = h(h~ 1 (a r ) — 1), which we 
note can be made arbitrarily large. 

By (9.12), f{h{x - 1)) = f\h{x - 1)) = h(x), so 

f'(h(x-l))h'{x-l) = h'(x). 

Taking the logarithm of both sides gives 

\ogf'(h{x-l))+g(x-l) =g(x) (9.20) 

since g = log h! . But /' > 1 so 

g(x) > g{x - 1) for all x in R. (9.21) 

Taking the derivative of (9.20) gives 

f"(h(x-l))h'(x-l) 

fl{h{x _ 1} +g(x-l)=g(x). 

But /" < 0, /' > 0, and h! > on all of E so we conclude that 

g'(x) < g'(x - 1) for all x in M (9.22) 

and we note that strict inequality holds if / is strongly strictly concave. 
We emphasize that (9.21, 9.22) hold globally for all x in R. 
For any xinl let 

rx+l 

g(x) = / g(s)ds. (9.23) 



Since g is the mean value of g on (x, x + 1) and g is strictly increasing on 
(-00, h- 1 (a')), 

g{x) > g(x) > g(x - 1) for all x in I := (-00, /i _1 (a)). (9.24) 

By (9.21), g'(x) = g(x + 1) — g(x) > on K so g is strictly increasing on R. 
By (9.22), g"(x) = g'(x + 1) - g'{x) < on R, so g is concave on all of R. 
If / is strongly strictly concave then strict inequality holds in (9.22) so ~g is 
strongly strictly concave. In either case, we also have g(—oo) = —00. 



30 JAMES P. KELLIHER 

Now let 

h(x) = [ da. 



CO 



It follows from (9.24) that 

h(x) > h{x) > h(x - 1) for all x in I (9.25) 

so that also 

ft -1 (a:) < 7T (x) + 1 for all x in (0, a) = h(I). 

Letting 

J\x) :=h(t + h~\x)) 

it follows from Theorem 9.9 and Corollary 9.11 that (f )teR is globally con- 
cave and globally acceptable and the corresponding function /J is also strictly 
increasing and concave with 



H(r) 

for all t,x > 0. Because h > h on I and h (x) > h~ l {x) — 1 on (0,a), we 
have 

J 2 (x) = h(2 + TT^x)) > h{2 + hT l {x)) > h(l + h- l {x)) = f(x) (9.26) 

as long as 2 + h l {x) < h~ l (o) and x < a. But by (9.25), h 1 < h^ 1 on 
(0,a) so 2 + TT^x) < h~ l {o) will hold if 2 + h~ 1 (x) < h^ 1 (a), which in 
turn holds if x < h(2 + /i" 1 (a)). But /i is strictly increasing on all of R by 
Theorem 9.9 so this is a weaker condition than x < a, so (9.26) holds on 
(0,a). 

If / is strongly strictly concave then so is g as observed above and hence 
/J is as well by Corollary 9.11. 

Now let fj, = 2JI and j = f . Then 



j*{x) dr f f (x) dr 2t 

t 



fj,(r) J x 2jZ(r) 2 
so by Theorem 9.7, (J )te®. is a globally acceptable globally concave CIG 
embedding j = j 1 with j = f > /• The smoothness of /, (i*)teK, and 
follow from the extra level of differentiability given to ~g and hence to h by 
(9.23). □ 

Remark 9.13. Letting Tt = f in Theorem 9.12 gives an affirmative answer 
to Question 1 of Section 7. 

Remark 9.14. If we change the limits of integration in (9.23) to go from 
x — 1 to x then we obtain a concave CIG embedding a concave function 
that is less than /. This leads to the obvious question of whether it is 
possible to iterate the procedure in the proof of Theorem 9.12, alternately 
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producing over or underestimates of the previous step, to obtain a concave 
CIG embedding / itself. 

In Section 10 we look in detail at the properties of the MOC, fj,, that arise 
when it is a bound on the modulus of continuity of the vector field associated 
with a solution to the Euler equations. We will find not only that [i must 
be concave but also that it must satisfy the additional constraint in (10.10). 
Whether this additional constraint can be accommodated in Theorem 9.12 
for all / is an open question. 

10. MOC OF THE EULERIAN VELOCITY 

We now return to the topic of Section 1, where [i is the MOC of the solution 
(the velocity) of the Euler equations that is derived from 9(p), the L p -norms 
of the solution's vorticity. 

To avoid trivialities, we assume throughout that 9 is never zero. 

We will write (1.3) in the form, 

H(x) = inf {x 1_2e a(e)} , A= (0,1/2], (10.1) 

where a(e) = e~ l 9(e~ l ), as in (1.2). 

Since 9{p) = \\lo°\\lp for some vorticity, w°, it inherits some important 
properties from basic results of measure theory, as in Lemma 10.1. 

Lemma 10.1. Suppose that 9(p) is the LP -norm of some function, f , lying 
in LP for all p in [po,oo) and with H/H^oo possibly finite but nonzero. Then 
(p(p) := plog9(p) is convex and C°° on (po,oo), and, unless 9 is in L°° , 
tp{p) is strictly increasing for sufficiently large p. Also, log0(e -1 ) is convex 
and log a is strictly convex. 

Proof. That (p(p) is C°° and convex is classical (see, for instance, Exercise 
4(b) Chapter 3 of [15]), and it follows from this that it is eventually strictly 
increasing, unless / is in L°°. 
Then 

log 9{e' 1 ) = e (e- 1 log 9(er 1 )) = e log ^(e" 1 ) 

so 

(log^ 1 ))" = (log^e- 1 ) - ^(log^e- 1 ))' 

= -I^g^e- 1 ) + ^(logipne- 1 ) + ^(logipYie- 1 ) 0-0.2) 
e z e z 

^(log^'V 1 ). 

Since log ip is convex it follows that log 9(e~ 1 ) is convex. Then since log a(e) = 
— log e+log 9{e~ l ) and — log e is strictly convex, log a is strictly convex. □ 
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The function, A : R -> R denned by 

A(r) :=r + log(^(e- r )) (10.3) 
will play a large role in what follows as will the function 

A(x) := ^J^r = x(]ogn(x)Y. (10.4) 

We first establish, in Proposition 10.2, some properties of these functions 
that follow simply from ii being strictly increasing and concave (properties 
that we show hold for ji in Theorem 10.3). 

Proposition 10.2. Assume that \i is a strictly increasing (strictly) con- 
cave twice continuously differ -entiable MOC. Then log \x is strictly increasing 
and strongly strictly concave on (0,oo), A is (strictly) increasing on R with 
A' < 1, fj,(x)/x is (strictly) decreasing on (0, oo), and logfi(x)/x is strictly 
increasing and strictly concave on (0, a) for some a > 0. Also, 

< A(x) < 1 for allx>0 (10.5) 

with strict inequality if /j, is strictly concave. Moreover, if \x satisfies the 
Osgood condition, (l-4)> then 

limsupA(x) = 1. (10.6) 

Proof. That log /i is strictly increasing and strongly strictly concave follows 
directly from the assumed properties of pi. 

Letting r = — logx, we can write A(r) variously as 

A(r) = log ( !^& \ = l g( e >(0) = r + log /x( e " r ). (10.7) 



Then 



x(r) 



. d f (i(x)\ dx d f /j,(x)\ 

A(r) = — log — = — log -e ) 

ax V x I ar ax \ x 



' J '"' [ ' r) " " {X \-x) = 4t (Kx)-xh'(x)) (10.8) 



fi(x) X 2 fj,(x) 

Because \i is strictly increasing, A(x) > and A' < 1. Because fi is 
(strictly) concave, \j! is (strictly) decreasing so by the mean value theorem, 

fj,(x) - n(0) n(x) 
H [x) < = 

X X 

so A < 1 and hence, and equivalently, A' > with strict inequalities when ijl 
is strictly concave. This gives (10.5) and shows that A is (strictly) increasing. 
Now, 

Hix)\ = xjj/{x) - n(x) 

9 — 
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by (10.5) with strict inequality when [i is strictly concave. Thus, \x{x)jx is 
(strictly) decreasing. 

Finally, let g(x) = log/i(x)/x. Then log/i(x) = xg(x) and (log/i(x))' = 
g(x) + xg'(x) so xg'(x) = (log/i(x))' — g(x). But /i(0) = so g is negative 
on (0, a) for sufficiently small a > 0. Hence, </ > on (0, a) since log /x is 
increasing as we showed above. Then, (log n(x))" = 2g'(x) + xg"(x) so 

x 5 "(x) = (log/i(x))"-2 5 / (x) 

and we conclude that g is strictly concave on (0, a). 
To prove (10.6), suppose that 

< a := limsup^4(x) < 1. 

X-5>0 

Then there exists e > such that A < a on (0, e). Thus, (log/x)'(x) < a/x 
on (0, e), and integrating from x < e to e gives 

log /i(e) — log /i(x) < a (log e — log x) 

so 

H(x) > 

But this means that \x does not satisfy (1.4). Hence, (10.6) holds. □ 

We show in Theorem 10.3 that when n is given by (10.1), we can say more 
about the functions A and A, as well as about fi itself. The proof of this 
theorem relies on determining the value of e that minimizes the expression 
in (10.1). This is natural, for as we will see in the next section, \x can be 
defined in terms of a Legendre transformation (see (12.2)), and finding the 
minimizing e is the usual way to calculate the Legendre transformation for 
strictly concave functions. 

Theorem 10.3. Assume that log a is strictly convex and twice continuously 
differentiable. The function /x given by (10.1) is continuous on [0, oo) with 
/i(0) = 0, (j, is strictly increasing and concave, and [i is twice continuously 
differentiable and positive on (0, oo); log/x(x) and A(r) := r+log(/i(e -r )) are 
each strictly increasing and strictly concave on (0, oo) and M, respectively; 
fj,(x)/x is strictly decreasing with lirn r _ >00 n(x)/x = 0; and A is strictly 
decreasing with 

,4(0) := lim A(x) = 1. (10.9) 

z-s>0+ 

Furthermore, if p log 9 {p) is convex and twice continuously differentiable 
then log a is strictly convex and twice continuously differentiable, A is strongly 
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strictly concave, and each of the following equivalent conditions hold: 

A"(r) + <X0)) 2 > for all r in R, 
x 2 /jf'(x) — Xfi'(x) + fj,(x) > for all x > 0, 

p»( x ) > ( i^l) for all x>0. 



10.10) 



Proof. The expression for /i in (10.1) shows that it is continuous on [0, oo), 
positive on (0,oo), and strictly increasing. The function x i— > x l ~ 2t is con- 
cave for all e in [0, 1/2], so for any 7 in [0, 1] and x,y in (0,oo), 

/i( 7 x + (1 - i)y) = C inf {( 7 x + (1 - 7 )y) 1 - 2t a(e)} 

>Cinf {( 7 x 1 - 2e + (l- 7 )y 1 - 2e )a(e)} 

> C 7 inf jx 1 " 2 ^)) + C(l - 7) inf {y^ 2e a(e)) 

where A = (0, l/po\. It follows that /j, and hence log// is concave. Because 
\x{x)jx = inf eg „4 {x _2e a(e)} it strictly decreases to 0. (Some of these facts 
also follow from Proposition 10.2, given the properties of /i.) 
We have, as in (10.7), and using (10.1), 

A(r) = log(^) = inf {-2elogx + loga(e)} = inf {g(r,e)}, (10.11) 
where 

g(r,e) = 2er + loga(e). 

Since log a is strictly convex so is g(r, •). Thus, g(r, •) always achieves it 
minimum at a unique e = e(r) with 

de9(r, e)| e=e(r) = 2r + c/(e(r))/a(e(r)) = 0. (10.12) 

Moreover, the function g is twice continuously differentiable in both vari- 
ables, so e(r) is continuously differentiable by the implicit function theorem. 
Writing (10.12) as 

(loga)'(e(r)) = -2r, (10.13) 

since log a is strictly convex, (log a)' strictly increases, so (loga) / (e) strictly 
decreases as e decreases. But as r increases, — 2r strictly decreases; hence, 
e(r) is a strictly decreasing function of r, and hence also invertible. More- 
over, because (log a)' strictly increases, we must have e(r) -)0asr-f 00. 
Also from (10.12), 

a'{e{r)) = -2ra(e(r)). (10.14) 

But, 

A(r) = g(r,e(r)) 
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SO 

A'(r) = -^j-g{ r , e ( r )) = d r g(r, e(r)) + d € g(r, e(r))e'(r) Q _ 

= d r g(r,e(r)) = 2e(r) 

by (10.12) so A is strictly increasing. Since e is strictly decreasing it follows 
that A is strictly concave. And because e is continuously differentiable, A, 
and hence fj,, are twice continuously differentiable. 
But (10.8, 10.15) give 

e(r) = i(l-A(x(r))), 

so A(x(r)) — )■ 1 as r — >■ oo or ^4(a;) -> 1 as + , giving (10.9) (this also 
follows from (10.6)). This also shows that A is strictly decreasing. 

Now assume that plog9(p) is convex. From the proof of Lemma 10.1, 
we see that log a is strictly convex and so all of the conclusions above, in 
particular, that A is strictly concave and e is invertible, hold. We also have, 
as in the proof of Lemma 10.1, that 

0(e) := log0(l/e) = loge + loga(e) (10.16) 

is convex. 

Letting rj: (0, l/po] — > (0, oo) be the inverse of the map, r h-> e(r), we 
have, using (10.14), 

12 14 



(10.17) 



e 2 e'(r)(e)) e 2 A"(r ? (e))' 
Or, expressed in the variable r and using e(r) = (l/2)A'(r), 

^ /(e(r))= -(^-A4)- 

By Lemma 10.1, <j> is convex and we conclude that 1/A"(r) + l/(A'(r)) 2 < 
so that A"(r) < and 

A"(r) + (A'(r)) 2 
A"(r)A'(r) ~ ' 

Then since A"(r)A'(r) < 0, (10.10)i holds. 

It remains to show the equivalence of the three conditions in (10.10). Let 
r = — log x as in the proof of Proposition 10.2. Starting with (10.8) one can 
show that 



2 



\"(r)=x>^4-x*(^±) + x^l. (10.18) 
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Then from (10.8, 10.18), 

A(r) + (A(r)) = x — — - x \ —r^} + X ^T+ 1 T~\ x I 

^ xfi'(x) x 2 fx"(x) x 2 /x"(x) — xfx'(x) + //(a;) 
//(x) fx(x) fx{x) 

This gives the equivalence of (10.10)i and (10.10)2, and a simple calculation 
shows that (10.10)3 is a re-expression of (10.10)2- (Note that integrating 
(10.10)3 does not contradict (10.5), because the concavity of fx means that 
neither fx(x)/x nor fx'(x) converges to as x — ^ 0.) □ 

11. YUDOVICH VELOCITY FIELDS ARE DlNI-CONTINUOUS 

We say that fx is a Dini MOC if the MOC : [0, 00) -> [0, 00) defined by 

s»(x)= r^-ds (n.i) 

Jo s 

exists (that is, if the integral is finite for any x > and hence for all x > 
and is as in Definition 1.2). If a function has a Dini MOC we say that 
the function is Dini-continuous. 

The function can be used to re-express (10.10)3 as S''(x) < fi"(x), 
meaning that Sn is more strictly convex than fi. 

It is shown in [17] that the sequence of example Yudovich velocity fields 
derived from (1.5) are Dini-continuous. In fact, it follows from Proposi- 
tion 11.1 that all Yudovich velocity fields are Dini-continuous and the MOC 
H and Sfj, are essentially the same, as we show in Proposition 11.1. These 
are perhaps the most significant properties of Yudovich velocity fields. (Also 
see Remark (11.2).) 

It follows trivially from (10.5) that fi < and // < S'„ for any concave 
MOC, [i. (Allowing that S 1 ^ may be infinite and in that case defining S' to 
be infinite.) In addition, for Yudovich velocity fields, fx" > S'', a consequence 
of Lemma 10.1, Theorem 10.3, and Proposition 11.1. 

Proposition 11.1. Assume that fx is a strictly increasing (strongly) strictly 
concave Osgood MOC and that (10.9) holds. Then fx is Dini-continuous 
while Sfj, is strictly increasing and (strongly) strictly concave, S 1 ^ lies in the 
same germ as fx, and S'^ lies in the same germ as fx' at the origin. Moreover, 
the equivalent of (10.10) holds for if it holds for fx. 

Proof. Assume that (10.9) holds. It follows that for some x > we have 
sfJ>'(s) > (1/2) fx(s) for all s < x. Hence, 

SJx) = [ ^ ds < 2 I fx'(s)ds = 2fx(x) < 00. 
Jo s J 

That is, fx must satisfy not only the Osgood condition, (1.4), but the Dini 
condition. Then since 5^(0) must be zero we can apply L'Hospital's rule to 
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conclude that 



lira ) = lim ^— } = lim ^\,\ lim 



x- 



>o n(x) x->o x->o x/i'(x) x-*0 A(x) 

Also, S'Jx) = n(x)/x is strictly decreasing by Proposition 10.2 so 5 M is 
strictly concave. (And if fi is strongly strictly concave then so too is 

Now assume that (10.10) holds. Then the the equivalent of (10.10)3 holds 
for Sfj, if and only if Sg — S" < 0, as was observed above for [i. Then 

5S„-s;;<o L (£?M ds y-(r^X< 



x J \ x 
xS'^(x) - Sfj,(x) - (xfi'(x) - n(x)) < 
<^=^ fi(x) — Sfj,(x) — xfi'(x) + n(x) < 
j(x) := Sfj,(x) + xfi'(x) — 2fj,(x) > 0. 
By (10.9), j(0) = 0, and we have 

f( x ) = t^l + f/(x) + xn"(x) - 2//(x) 

X 

x 2 fi"(x) — xfi'(x) + n(x) 

X 

Then j'(x) > for all x > if (10.10) 2 holds, and it follows that j(x) > 
for all x > 0. □ 

Remark 11.2. It is shown in [3] by Charles Burch that if v is a velocity 
field with a concave MOC, /i, then has a MOC, i/, given by 



v{x) = c (s^x) + x J ds^j 



Here, R can be a Riesz transform. (This result appears in an earlier form 
as Lemma 1 of [16] by Victor Shapiro. Also see [10].) 

For a Yudovich velocity, v lies in L°°([0, oo) xl 2 ), so we can choose \i to be 
bounded, making v(x) finite for all x > 0. Since v'(x) = c /j,(s)s~ 2 ds, v 
is strictly increasing. That z/(0) = then follows directly if ^'(0) < oo and by 
applying L'Hospital's rule, otherwise. Noting that v"(x) = —c[i'(x)/x 2 < 0, 
we see that v is strictly concave. It is, in general, neither Osgood nor Dini, 
as we can see by looking at \ii of (9.10). (For bounded vorticity, however, 
which corresponds to fj,i, u is both Osgood and Dini.) 

12. Inverting the defining relation for the MOC of the 

VELOCITY 



Our intent in this section is start with a MOC, fx, having all of the properties 
stated in Theorem 10.3 and invert the relation in (10.1) to obtain a function 
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a and hence 9 that satisfies all of the properties of Lemma 10.1. Such a 9 
can then give the L p -norms of a Yudovich vorticity as in Definition 1.1. 

That fx is concave follows directly from (10.1) and requires no special 
properties of 9. When 9 comes from the L p -norms of a vorticity field, 
however, p\og9(p) must be convex and log a must be strictly convex (see 
Lemma 10.1). It is log a being strictly convex that is critical to obtaining 
an inverse, as we can see by re-expressing (10.1) in terms of a Legendre 
transformation. 

Definition 12.1. Let /: / — > M be a strictly convex function on an interval, 
/. We define its Legendre transformation, /*, by 

f*(x) = sup{xe - /(e)} . 

The domain of /* consists of all x in R for which the supremum is finite. 
We can write (10.1) in terms of a Legendre transformation. From (10.11), 

log ( ] = inf {-2elogx + loga(e)} 

\ x J eeA ( 12-1 ) 

= — sup {2e log x — log a(e)} = —(log a)* (2 log x). 

e<=A 

Thus, 

p( X ) = xe -(l°g«)*(21og^ 

Because we have restricted the Legendre transformation to strictly convex 
functions, /* is also strictly convex, and the Legendre transformation is 
an involution ((/*)* = /). See, for instance, Section 14 of [1]. Hence, 
letting u = 21ogx, (12.1) becomes (log a)* (it) = — A(— u/2). Letting A(s) = 
— A(— s/2), we have 

loga(x) = (A)*(x) = sup{xe- A(e)} = sup {(-x)(-e) - (-A(-e/2))} 
= sup{(-2x) e - (-A(e))} = (-A)*(-2x). 

Thus, 

a ( x ) = e (-A)*(-2z). (12 .2) 

As long as A is strictly concave, so that — A is strictly convex, we can perform 
the inversion. 

There are three limitations of using (12.2) alone. First, A may be strictly 
concave only near the origin. Second, it is not clear what the domain of a is. 
In particular, we need the domain to include 0: as we will see, [x satisfying 
the Osgood condition is required to insure this. Third, it is not clear from 
(12.2) that (10.10) is enough to insure that plog(9(p) is convex. For this 
reason, we give an explicit method for inverting (10.1) in Theorem 12.2. 
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Theorem 12.2. Let n be a strictly increasing C 2 MOC satisfying the Osgood 
condition, (1.4), with A: R — > R and e: R — > R given by 

A(r) = r + logMO, e(r) = iA'(r). (12.3) 

Assume that there is a neighborhood N of r = oo on which A(r) is strictly 
concave (or, equivalently, a neighborhood of the origin on which A, given by 
(10.4), is strictly decreasing). Then e is invertible on N , and calling that 
inverse, rj, and letting 

a(e) = Co exp {Afa(e)) - 2r/(e)e} , (12.4) 

we have 0(p) = p^ 1 a(p^ 1 ) in a neighborhood of p = 00 for some Cq > 0. 
The function log a is strictly convex in a neighborhood of the origin. If 
(10.10) holds then log 9(1 /e) is convex in a neighborhood of the origin, while 
p\og6(p) is convex in a neighborhood 0/00. 

Proof. First observe that A strictly concave in a neighborhood of infinity is 
equivalent to A being strictly decreasing in a neighborhood of the origin by 
virtue of (10.8). Combined with (10.6) this gives that (10.9) holds. 

Examining the proof of Theorem 10.3, the starting point now being the 
function fi rather than the function a, we see that the first equality in (10.11) 
along with (10.15) define e as a function of r = — log a;, where e gives the 
location of the infimum in the defining relation, (10.1), between a and /i. 
The invertibility of e = e(r) required A to be strictly concave (this also gave 
e' < 0) and the condition on p, in (10.9) insures that e(oo) = 0; together, 
these two facts give the invertibility of e on M . 

Using (10.13), we have 



^ (log a(e(r))) 



(loga)'(e(r))e'(r) 



-2re'( 



Hence, 



log a(e(r)) 



-2 J re'(r) dr = —2 re(r) 
-re(r) + J —\'(r) dr 



e(r) dr 



A(r) - rA'(r) + C 



so 



a(e(r)) = C exp [\(r) - rA'(r)] = Cexp [A(r) - 2re(r)] , 



(12.5) 



and (12.4) is just a re-expression of (12.5). 



Because a(x) 



log a(x) 



(x ), we have 

log x + log 6 ( — 

\ x 



log X + XiD — 

X 
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where <p(p) = plog9(p) as in Lemma 10.1, so 



(loga)'(x) 
(loga)"(x) 



1 



-<P 



1 



+ 



1 



X" X 

Hence, taking the derivative of (10.13) gives 

1 



(loga)"(e(r))e'(r) = e'(r) 



+ 



e(r) 2 e(r) 



e(r) 



Since e(r) is strictly decreasing on J\f, log a is strictly convex on J\f. Also, 



e(r) 



-e r 



2*2 + 1 



A'(r) 



e'(r) 

2 S[(A'W) 2 + A"(r)] 



(A'(r)) S 
A"(r) 



+ 1 



(12.6) 



This shows that <p is convex if (10.10) holds, as long as A is strictly concave. 
The convexity of log#(l/e) then follow as in the proof of Lemma 10.1. □ 

As an example, let us apply Theorem 12.2 to the first Yudovich vorticity, 
where 9{p) = C, which corresponds to fj,i of Section 9. As we know from 
Section 4, fi(x) = —xlogx for sufficiently small x, where here and in what 
follows we ignore immaterial constants. 

Then from (12.3), 

A(r) = log (e r (— e~ r log(e _r )) = log r 

and so e(r) = ^A'(r) = l/(2r). Thus, e is invertible for all r with inverse 
77(e) = l/(2e). Thus, r?(e)e = \ and (12.4) gives 

a(e) = C exp (log(2 • l/(2e)) - 2-1 = - 



and thus 6(p) = p~ 1 (Cp) = C, recovering 9 to within a multiplicative con- 
stant. 

The higher Yudovich examples cannot be inverted exactly using Theo- 
rem 12.2 because e(r) becomes a transcendental function of r that cannot 
be inverted in closed form. The following proposition is of some use in this 
regard, however. 

Proposition 12.3. If e is overestimated then the expression in (12.4) un- 
derestimates a. That is, assume that e: R — > (0,1/2) is C l and strictly 
decreasing with e(oo) = and I > e,and let 

a(e(r)) = Cexp [A(r) - 2re(r)] . (12.7) 

Then a(x) < a(x) for all sufficiently large x. 
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Proof. From (12.7), a(e(r)) is an increasing function of r, so 

ct(e(V)) — ®(t( r )) = C ex P [A(f ) ~~ 2re(r)] < C exp [A(r) — 2re(r)] 

□ 

For example, suppose that for p, = p m , m > 2, we approximate e(r) by 
l/(2r), which is the exact e(r) for the first Yudovich example. As can be 
easily verified, this is an overestimate of the true e(r), and we will obtain 
a(e) = e~ 1 9 m (e~ 1 ) as an underestimate of a(e). This is a kind of dual to the 
overestimate in [22] of what we call p m from 9 m using this same estimate 
for e. 

13. Recovering uj° from its L p -norms 

It remains to invert the second map in (7.2); namely, w° i— > 0(p). We 
should expect to invert this map neither uniquely nor exactly. Lack of 
uniqueness arises because any rearrangement or sign change of w° yields the 
same 0. Since, however, we are interested in square-symmetric vorticities, 
as in Definition 2.6, the lack of uniqueness is not a problem. 

The inability to invert exactly is a more complex issue. To see what is 
involved, let A be the distribution function for lo°; that is, X(x) = measure 
of {t: \uj°(t)\ > x}. It is classical that 

poo 

0(p)P = \\u; \\ p LP = p x^Xix) dx = pM\(p), (13.1) 
Jo 

where Ai is the Mellin transform. If lo° lies in LP n L p for all p > po then 
X(p) decays faster than any polynomial in p and it is easy to see from (13.1) 
(or directly from the definition of the L p -norm) that (p(p) ■= plog0(p) is 
complex-analytic in the right-half plane, Hep > po- Of necessity, then, cp 
must at least be real-analytic (and real-valued) on (po,oo) to perform the 
inversion exactly, and we should not expect this to be the case. 

Instead, we must look for a way to make an approximate inversion. To- 
ward this end, we will take an approach using (13.1) that is, in a sense, a 
generalization of one proof of Stirling's approximation. 

To motivate this approximation, we first show how to obtain an approxi- 
mation for ip from A. Assume that a smooth A is given and let 

poo poo 

I p = / x p - 1 pX(x)dx= / efr-iJlogx-rfx)^ (13.2) 
Jo Jo 
where p = — log A. Being a distribution function, A is decreasing, hence p 
is increasing. Suppose also that p is convex. Then f(x) = x p ~ l X{x) has a 
unique maximum at x = x p , where 

p'(x p ) = (p- l)/x p . (13.3) 

Moreover, x p must increase to oo as p — > oo. 
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For x near x p , we thus have 



(p — 1) log x — p{x) « (p — 1) 



1 1 

logXp H (x - x p ) - tt-^(x - x P Y 



p(x p ) + p'(x p )(x - Xp) + 



p"{x p ) 



(p - 1) log Xp - p(x p 



1 



(x Xp) 



(x Xp) 



(13.4) 



This approximation should be a good one for all sufficiently large p if 

p"'(x) 



lim 

p"(xj 



0, 



(13.5) 



an assumption we now add. 

Differentiating (13.3) with respect to p and using the chain rule gives 

1 p-1 



p (Xp) 



dx p 
C P~dp~ 



SO 



(p - 1) log X - p(x) « (p - 1) log Xp - p(xp) 



(x - Xp) S 



2x 



dxp 

P~df 



Thus, 



e ((p-i)i°gz P -p(>p)) exp 



^-(x-xp) 2 ] dx. 



Assuming the Gaussian in the integrand is sufficiently sharp, we have 



-tp ~ O/p c 



x P-i e -p(a;p) 



1 



exp 



^ x p dp 



, (x - Xp) 2 ] dx 



-1/2 



9™ 
, X P dp , 



(Even if the Gaussian is not sharp, this approximation is at most a factor 
of two overestimate.) 

Since 0(p) p = pl p , we have 



9{p) « pp 



dp 



(13.6) 



(2vr)^Xp 2p e 



2 P p -p(Xp)/P 



dp 



2p 
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Also, 



<ip{xp) . dx„ 



dp 



p-ldxp d 

T~ = (P- Ij^-log^p- 

x p dp dp 



Integrating by parts gives 
Substituting this into (13.6) gives 



6{p) » (2tt)^x 



exp 



C p-1. 1 

log x p + - 

p p p 



log Xp dp 



dp 



(2-7r) 2 p Xp p e p exp { - j log x p dp 



dp 



i 



and hence, 



(fip) = P log #(p) ~ ~C - log x p + j log x p dp + i log 
This approximation will hold if its derivative, 

d 2 x p 

dlogXp t , ( 1 sgr 



dxp 
dp 



dp 



p + log x p + 



2 ^Ee. 

dp 



(p log (9(p))' = ^'(p), 



(13.7) 



approximately holds. 

From (13.3), logx p = log(p — 1) — log//(x p ), and differentiating gives 



dlog x. p 



1 



p"{x p ) dxp 



dp p — 1 p'(xp) dp 
But x p is increasing and hence so is logx p , and p is increasing and convex, 
so all derivatives above are nonnegative. We conclude that | dl °J p Xp \ < 
and hence vanishes as p — > oo. We also add the assumption that 

d 2 X v 



dp 2 
dxp 
dp 



as p — > OO. 



(m 



Therefore, for sufficiently large p, we have 



=y(p) 



=: /3(p). 



Then (13.3) becomes p'{j3{p)) p//3(p) so that (estimating p — 1 by p) 

^P(P(P)) = P'(/3(PW(P) ~ P(log/3)'(p) = w"(p)- (13.9) 
The function p increases, so the requirement that ip be convex enters here. 
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Integrating from a sufficiently large q to p > q gives 



p(J3(p))Kp(J3(q))+ / sip"{s)ds 

Jq 

= p(P(q)) +p i p'(p) - ?¥>'(?) 



ip'{p)dp 



(13.10) 



= C q +ptp'(p) - ip{p). 

Now assume that (13.10) holds exactly, and hence so does (13.9); differ- 
entiating it implicitly gives 

p "(p(pw'(p)} 2 = p<p"Xp) + - p'imwip) 

= p^'ip) + /(p) - p'(/3(p)) [b"(p)] 2 + p"'(p)] e^W 

= P " p'(/?(p)K'M V"'(p) + <p"(p) ~ p'W(pW(p)} 2 e^'^. 



But, 



so 



P, 



fl3.ll) 



p"(P{pW(p)] 2 = v"{p)-pW'{p)? 

Thus, to insure that p is convex (which we assumed to obtain a unique solu- 
tion to (13.3)) we must add the condition that cp"(x) < 1 for all sufficiently 

large x. (Then also |<//'(p)| = | d l °J p Xp 
condition, (13.3) continues to hold (exactly). 
Differentiating (13.11) logarithmically gives 



^ — | < -, as above.) Hence, with this 



P y^P'( P ) = | log [v"(p)-pW>{p)?] - 2± [log p\p)] 

<p'"(p) - 2pip"'(p)<p"(p) - [<p"(p)\ 2 B"(p) 



<p"(p) -pYp"(p)} 



P'(p) 



Thus, 



P"'(P(P)) _ v$ ~ W'» - 



V(p) 



p"(P(p)) <P"(P)-P[<P"(P)? 

_ 2 W'(p)] 2 + v"'(pW(p) 



W'{p)? 

^-2p ip "'{p)- lf "(p) 



(13.12) 



V(p) 



1 + 



p"'(p) 
¥>"(p) 



<p"(p) -p[y?"(p)] 2 

This places a condition on (p that insures that the condition (13.5) on p 
holds. Or we could place the following conditions on <p, the first of which 
strengthens the condition imposed earlier that ip"(x) < - for all sufficiently 
large x: 
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'1) ~ — (f"(x) is bounded away from zero for all sufficiently large x; 

, 2) V"(a) y' (x ) <p"'(x) - V '(x) v o 



oo. 



To ensure that the assumption in (13.8) holds, we calculate, 

|g _ [^(p)] 2 + y w (p) _ „, , y/"(p) 

^ i9'(p) y/'(p) ^ W <p"(p) ' 

Condition (1) directly gives <p"(p) —> 0, and integrating Condition (1) gives 
e -V(p) > Cp-i. it then follows from Condition (2) that <p"'(p)/<p"(p) -> 0. 
What we have done is to give a rough derivation of the following: 
If cp is convex and satisfies the two conditions above then 
(13.10) can be used to approximately determine p, and hence 
a square-symmetric u>°, from if. 
We note that each of the examples of Yudovich in (1.5) satisfy both of 
these conditions, and (13.10) can be used to determine co° approximately. 
For instance, when m = 1, tp(p) = p log log p, ip'(p) = log log p + 

Pf'ip) ~ <p(p) = k§]J' anc ^ Pi?) = logpe 1//logp . For large p, then, we have 
Pip) ~ logp so j3~ 1 {x) « e x . Then from (13.10), 

P (i) « c + r W^c*)) - rtrH*)) logpfL = c + f • 

Thus, A(x) « e~ £X / x , and since e X//2 < e^/rr < e x for all a; > 1, this A 
corresponds to co° square-symmetric with 

io°(x) = f{ Xl ) log(2 log(l/a;i))l ( o, r ) = /(xi) (log 2 + log log(l/si)) l (0jP) 

in the first quadrant for some < r < e _1 , where | < f(x) < 1. This is in 
agreement with Lemma 5.2. 

Remark 13.1. Condition (1) is fairly natural, as the need for tp to be convex 
derives, ultimately, from Holder's inequality. Condition (2) arose from trying 
to insure that the approximation in (13.4) is accurate. Assuming Condition 
(1) holds, l/cp"(x) > x, so 

W'{x)\ Yp"{x)Y 

Integrating Condition (1) gives e -1 ^'^ > Cx~ l , but for the Yudovich ex- 
amples in (1.5), e~f'( x ) decreases much more slowly ((logs) -1 for m = 1). 
Thus, Condition (2) can be roughly viewed as saying that \ip"'{x)\ strays 
not too far from x~ 2 . Finally, both conditions can be expressed in terms of 
A, and hence in terms of fi, by using (12.6), leading to a condition on the 
third derivative of [i. The resulting forms of the conditions are not, however, 
immediately enlightening. 



16 



JAMES P. KELLIHER 



Acknowledgements 

The author would like to thank Anna Mazzucato for useful discussions 
concerning Theorem 9.4 and Franck Sueur for a number of helpful comments 
on Part II. The author deeply appreciates the efforts of an anonymous ref- 
eree, whose detailed comments improved this paper substantially. The au- 
thor was supported in part by NSF grants DMS-0842408 and DMS-1009545 
during the period of this work. 

References 

[1] V. I. Arnol'd. Mathematical methods of classical mechanics, volume 60 of Graduate 
Texts in Mathematics. Springer- Verlag, New York, 1991. Translated from the 1974 
Russian original by K. Vogtmann and A. Weinstein, Corrected reprint of the second 
(1989) edition. 38 

[2] H. Bahouri and J.-Y. Chemin. Equations de transport relatives a des champs de 

vecteurs non-lipschitziens et mecanique des fluides. Arch. Rational Mech. Anal., 

127(2):159-181, 1994. 2, 3, 8, 13 
[3] Charles C. Burch. The Dini condition and regularity of weak solutions of elliptic 

equations. J. Differential Equations, 30(3):308-323, 1978. 37 
[4] Jean- Yves Chemin. Perfect incompressible fluids, volume 14 of Oxford Lecture Series 

in Mathematics and its Applications. The Clarendon Press Oxford University Press, 

New York, 1998. Translated from the 1995 French original by Isabelle Gallagher and 

Dragos Iftimie. 5, 7, 8, 13, 19 
[5] B. Choczewski. On differentiate solutions of a functional equation. Ann. Polon. 

Math., 13:133-138, 1963. 17, 23 
[6] Elaine Cozzi and James P. Kelliher. Vanishing viscosity in the plane for vorticity in 

borderline spaces of Besov type. Journal of Differential Equations, 235(2) :64 7-657, 

2007. 2 

[7] Philip Hartman. Ordinary differential equations, volume 38 of Classics in Applied 
Mathematics. Society for Industrial and Applied Mathematics (SIAM), Philadelphia, 
PA, 2002. Corrected reprint of the second (1982) edition [Birkhauser, Boston, MA; 
MR0658490 (83e:34002)], With a foreword by Peter Bates. 11 
[8] James P. Kelliher. The inviscid limit for two-dimensional incompressible fluids with 

unbounded vorticity. Math. Res. Lett, ll(4):519-528, 2004. 4 
[9] James P. Kelliher. The vanishing viscosity limit for incompressible fluids in two di- 
mensions (PhD Thesis). University of Texas at Austin, Austin, TX, 2005. 6 

[10] A. Kiselev, F. Nazarov, and A. Volberg. Global well-posedness for the critical 2D 
dissipative quasi-geostrophic equation. Invent. Math., 167(3) :445-453, 2007. 37 

[11] J. Kordylewski and M. Kuczma. On some linear functional equations. Ann. Polon. 
Math., 9:119-136, 1960/1961. 17, 23 

[12] J. Kordylewski and M. Kuczma. On some linear functional equations. II. Ann. Polon. 
Math., 11:203-207, 1962. 17, 23 

[13] Marek Kuczma. Functional equations in a single variable. Monografie Matematyczne, 
Tom 46. Pahstwowe Wydawnictwo Naukowe, Warsaw, 1968. 23 

[14] Andrew J. Majda and Andrea L. Bertozzi. Vorticity and incompressible flow, vol- 
ume 27 of Cambridge Texts in Applied Mathematics. Cambridge University Press, 
Cambridge, 2002. 6 

[15] Walter Rudin. Real and complex analysis. McGraw-Hill Book Co., New York, third 
edition, 1987. 31 

[16] Victor L. Shapiro. Generalized and classical solutions of the nonlinear stationary 
Navier-Stokes equations. Trans. Amer. Math. Soc, 216:61-79, 1976. 37 



THE FLOW FOR EULER EQUATIONS 



17 



[17] Franck Sueur. Smoothness of the trajectories of ideal fluid particles with Yudovich 
vorticities in a planar bounded domain. arXiv.1004- 1718vl [math.AP], 2010. 2, 36 

[18] Gyorgy Targohski. Topics in iteration theory, volume 6 of Studia Mathematica: Skript. 
Vandenhoeck & Ruprecht, Gottfngen, 1981. 21, 23, 26 

[19] Gyorgy Targohski and Marek C. Zdun. Substitution operators on LP -spaces and their 
semigroups, volume 283 of Berichte der Mathematisch-Statistischen Sektion in der 
Forschungsgesellschaft Joanneum [Reports of the Mathematical-Statistical Section of 
the Research Society Joanneum]. Forschungszentrum Graz Mathematisch-Statistische 
Sektion, Graz, 1987. 18, 21, 28 

[20] Misha Vishik. Incompressible flows of an ideal fluid with vorticity in borderline spaces 
of Besovtype. Ann. Sci. Ecole Norm. Sup. (4), 32(6):769-812, 1999. 2 

[21] V. I. Yudovich. Non-stationary flows of an ideal incompressible fluid. Z. Vycisl. Mat. 
i Mat. Fiz., 3:1032-1066 (Russian), 1963. 2, 3 

[22] V. I. Yudovich. Uniqueness theorem for the basic nonstationary problem in the dy- 
namics of an ideal incompressible fluid. Math. Res. Lett., 2(l):27-38, 1995. 2, 4, 6, 
13, 41 

[23] Marek Cezary Zdun. Continuous and differ entiable iteration semigroups, volume 308 
of Prace Naukowe Uniwersytetu Slqskiego w Katowicach [Scientific Publications of the 
University of Silesia]. Uniwersytet Slaski, Katowice, 1979. With Polish and Russian 
summaries. 18, 20, 21, 23, 24, 25, 26, 27 

[24] Marek Cezary Zdun. On differentiable iteration groups. Publ. Math. Debrecen, 26(1- 
2): 105-1 14, 1979. 23 

Department of Mathematics, University of California, Riverside, 900 Uni- 
versity Ave., Riverside, CA 92521 

E-mail address: kelliher@math.ucr . edu 



